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Orientation to the Present Report 

The "demonstration project" described in this report represented a major 
port, but not ali, of the activity of the Syracuse University-Webster College 
"Madison Project," beginning in September, 1961, and extending through the 
summer of 1967. In fact, this work continues through the present and into the 
future, but under other financial auspices. 

The goal of this project is to create experiences in mathematics for 
school children which will be in some sense "better" than those the children 
usually encounter, to carry on this activity as much in tne public view of the 
educational community as possible, and to gain such understanding of curric* 
ulum and instruction as can be gleaned from this sort of creative "curriculum 
innovation" activity. ^ 

The actual Miodison Project program began earlier than the U.S.C.E.** 
sponsored portion, namely in November, 1956, at the Madison School in the 
culturally-blighted "15th Ward" of Syracuse, New York. The program has 
thus evolved, in time, over a period of eleven years. Subsequent to Novem- 
ber, 1956, Project work moved Into middle class neighborhoods in Syracuse, 
and into such culturally-privileged areas as V/eston, Connecticut, Scarsdale, 
New York, and Lincoln, Massachusetts. It has moved from areas as small as 
a single school (the iVladison School) or a small town C^/eston, Connecticut 
and Lincoln, Massachusetts), into operations on as large a scale as simultan- 
eous programs to reach 18,000 teachers of grades K*8 in the Chicago Public 
Schools, 20,000 teachers of grades K-6 in the New York City Public Schools, 



^ This sentence already contains a word which should elicit 
disagreement: in what sense do we mean "better"? Hopefully, 
the remainder of this report will clarify the sense in which the 
word "better" is used here, by the Madison Project, in 1967. 
Used by other people, at other times, or In other contexts the 
word will surely have quite different meanings. Indeed, few 
more serious obstacles confront education than the unmistakable 
disagreements over values ^ goals, and judgements . We shall try 
to be as clear as possible on the values and gools involved In the 
various Madison Project curricula . 



and similar programs in the Los Angelos City Schools, the schools of San 
Diego County, and of tho City of Philadelphia. 

Thus the activity with which this report is concerned goes beyond any 
single discipline, as these are usually conceived, and the report necessarily 
has a strong historical flavor, a "diffusion of innovation” flavor, and a math- 
ematical aspect, as well as a concern for curriculum and instruction. 

Such an activity could, conceivably, have a variety of outcomes. It 
could be aimed toward a final written report; it could be aimed toward the 
identification cf relevant variables, or the measurement of such variables, or 
establishing relationships among such variables; it could be aimed at estab- 
lishing verbally- or symbolically-coded generalizations; it could be aimed 
at the creation of new points of view and the recognition of new values and 
new purposes; it could be aimed at the further development of practiti oners 
maxims; ^ it could be aimed at the improvement of the state of the art; or at 
expanding the repertoire of the practitioner (creating new alternatives to tra- 
ditional procedures); or at improving actual practice in the schools; or at ^ 
the production of curriculum materials; or at tho recording of innovations via 
audiotape, videotape, and 16 mm. motion picture film. 

The present project was aimed at tho last seven outcomes lis ted above; 
that is to say, it v/as aimed at: 

the creation of new points of view and the recognition 
of new values and nev/ purposes; 

the further development of practitioners* maxims; 

the improvement of the state of the art; 

expanding the repertoire of the practitioner; 

improving actual practice in the schools; 

the production of curriculum materials; 

the recording of innovations via audiotape, videotape, 
and 16 mm. film. 



^The phrase is borrowed from Polan/i (77 ), pp. 30-31 
and elsewhere. 
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3 • • 

In the viov/ of many, including the present author, the armamentar- 
ium of educational research and development had, in recent years, been 
allowed to become constricted to an unrealistically narrow range of methods. 
Almost total reliance seems to have been shifted to the identification of var- 
iables, their measurement, considerations of their interrelationships, and the 
establishment of verbally or symbolically coded generalizations. Much more 
is possible, and, in the present view, is necessary. 

It is important to recognize that there is an inevitable antagonism be- 
tween various of these outcomes . Thus, if one wishes to improve actual prac- 
tice in schools, one v/iil listen to, and act upon, various confidential state- 
ments (e.g., the inadequacies of certain personnel, the existence of power 
struggles, etc.) which cannot ordinarily be included in written reports, and 
which (while having some general implications) will be viewed mainly as 
specific unique events."^ If we seek only "scientific generalizations" we 
necessarily blind ourselves to some of the unique aspects of matters which are 
often of decisive importance for the success of efforts in practical implemen- 
tation . ^ 

Consequently, the present written report was not intended to be, and 
is not, either the goal of the entire effort or the only channel of communica- 
tion to the profession. More than 117 16 mm. films exist, showing actual 
classroom lessons.^ An even larger number of audio-tape recordings of 
lessons exist. ^ At least seven studies relating to the use of Madison Project 
materials exist, five of them performed independently of the Madison ft-oject 
by outside personnel or agencies. ^ Various aspects of Project work, objec- 
tives, philosophy, lesson plans, and course outlines exist, many of them 
readily available in professional journals. ^ 



^Cf. Hawkins (45). 

^Cf . Stotland and Kobler (100), Davis (29), Schlesinger 
( 85 )/ Schrag ( 37 ), Schrag ( 86 ), and Smith and Geoffrey (97 ). 

5cf. Stern (99). 

^Cf . Appendix B* 

7Cf. Appendix C. 

^ Cf . Appendix A • 

^Cf . Appendix D. 
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Since fhe Project was concerned with producing changes in actual 
classrooms in actual schools^ it is even more important that/ at the time of 
this writing (Spring/Summer 1967) it is possible to visit classrooms and to 
observe Madison Project lessons being taught, and to observe teacher -educa" 
tion workshops in Chicago, San Diego, New York City, Los Angeles, and 
Philadelphia. 

Thus no one who wishes to know about the work of the Madison Project 
is limited to what can bo learned from the present written report, ^^a 



Statement of the Central Problem 



The basic "problem" with which this effort has been concerned will be 
stated broadly by a single proposition, illustrated by some examples, focused 
by two corollary principles, and given further definition by a more extended 
discussion of what was actually done in various specific instances. 



A. The "Process" interpretation of Mathematics 

Mathem atics is in fact a process . It is not a collection of facts, defi" 
nitions, algorithms, or explicit procedures, although each of these will find 
its place in any effort to carry out the process of actually "doing mathematics 
This process is the important thing, and not its "result" or "the answer." 



^^For assistance in arranging visits, write to The Madison 
Project, V7ebster College, Webster Groves, Missouri 63119. 
(Telephone: Area Code 314, WO 8*0500.) 

^®°This point is emphasized in the belief that written reports 
usually do not, and possibly cannot, provide adequate means for 
the study of educational practices, whether innovative or tradi* 
tionai; furthermore, an over-emphasis on written reports can 
result in a preoccupation, at the operational level, with matters 
that will be reflected in such reports, and in a neglect of matters 
which will not be. Where the Project has neglected anything , 
interested persons may observe classes and workshops and identify 
such neglect for themselves. 



There h nothing mystical about this^ although our usual rhetoric copes 
with “outcomes" so much more easily than with "processes" that we frequently 
find ourselves thinking and acting as though the process is unimportant and 
the result is all -important^ when the converse is more nearly true. 

If the "task" were arranging and implementing a pleasurable vacation, 
it would not be the actual selection of one beach instead of another, nor the 
return to work two weeks later, nor any such thing, that would constitute the 
all*important "goal"; it would be the process of "enjoying the vacation" 
that would be the important aspect of the matter* 

Several specific examples mainly from current curriculum and instruction 
in contemporary mathematics, can indicate the distinction more clearly* 

Example 1* "Inside" or "Outside*" One "modern" textbook 
series includes questions of f^ concerning whether the points A, B, and D 
are "inside" or "outside" of the corresponding curves 




^ 1 Cf . Schwab (90 )# Hawkins (46)# and Kurtz (65)# 
"Help Stamp Out Non-Behavioral Objectives" (note that the 
word "Behavioral" in this title does not refer primarily to 
"behaviorism" as an epistemological doctrine, but rather to an 
orientation toward "process" rather than "product, " an avoid- 
ance of <1 preoccupation with the memorization of facts and a 
greater emphasis on developing abilities "to behave"); also 
Polanyi ( 77), and Rosenthal (82)* For an excellent example 
of a focus on "process, " cf . Steiner ( 98) • 






Hore one is clearly concerned tvith a matter of fact • The bi99^sf 
single criticism that the Project, after eleven years of study, would make 
concerning schools is their almost exclusive preoccupotion with verbally- ^ 
coded statements of fact. Processes — whether analyzing, persuading, criti- 
cizing, performing actual measurements, devising original laboratory experi- 
ments, conjecturing original mathematical theorems, or playing the guitar — 
tend to be supplanted by some collection of verbal facts to be !sarned. This 
supplanting is what is here involved. 

The theory is sometimes explicitly stated, either that students 
lack the ability to get beyond "facts, " or else that, whatever your goals, 

"you must begin with facts." 

It is the Madison Project's contention that neither of these state- 
ments is true. Quite the contrary; students can move beyond "facts" and deal 
with "processes," and many students perform better (and enjoy school more) if 
the school program focuses on "reasonable tasks" — i.e., on processes — and 



deals with facts incidental!/ as they relate to these processes* 



12 



What process might be involved in the present example? 

Mrs* Doris Diamant Machtinger has worked out a sequence dealing with the 
"inside-outside" distinction that replaces an uninteresting^ unchallenging^ 
unexciting fact with a rewarding process of analysis and explication* She 
L— r-, I *C Ua iieofiil u/if>h co^nahle orimarv arade children 

I1VI9 IWUIIU llll^ ww mwwi - - # w 

(K-3). It is unquestionably useful with intermediate grade children (4-6). 



In Mrs* Machtinger*s piocedure^ the children have the task of 
working together as a group/ of stating criteria by which th ey would decide 
whether a point lies "inside" or "outside# " and of criticizing the adequacy 
or inadequacy of the various specific criteria that are suggested. 

The teacher has the extremely important task of interacting with 
the students skillfully during the discussion; the teacher will propose new 
instances to which the various criteria can be applied/ will raise questions 
about ambiguous terms/ and generally play a kind of "devil s advocate role* 
For example/ the teacher will present this example: 




Figure 1 * Is the point P "inside" of the curve? 



^2 It seems reasonable to conjecture that the replacement 
of "processes" by "facts" does not originate in any attribute of 
students / but rather from four attributes of traditional schools: 
i) traditional school procedures can teach facts more easily (and 
more cheaply) than processes; ii) traditional school procedures 
can test fpr facts more easily (and more cheaply) than they can 
(continued on next page) 
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The "answer" here is completely unimportant. In ordinary lay 
use of the words/ either answer is defensible / depending upon whether we 
are thinking of questions such as "Is the fly inside the frog*s mouth?" or 
else of questions such as "Is the horse inside the corral?" Thus^ to the ques- 
tion "Is the point P inside the curve?" one is fully entitled to answer either 
"yes" or "no" — provided one can reasonably defend whichever answer one 
gives- 



This freedom within lay usage has, in fact, a parallel within 
mathematical usage, for in mathematics, also, there remains a question of 
interpretation. Wo can, for example (thinking of the frog's mouth) answer 
"yes, the point P is inside," and state such criteria as: "because any line 
through the point P will intersect the curve." If we develop this theory, we 
shall gradually construct an elementary portion of the theory of "convex 
hulls," which constitutes a respectable portion of mathematics. 



Alternatively, we can answer "No, the point P is not inside the 
curve." Thinking of the horse and the fenced-in corral, we can say: "the 
horse is free to run away." This can lead to the mathematical idea of a 
"remote point" R, 




Figure 2. The point R is a "remote point." 



(12 continued) 

test for processes; iii) "facts" are less controversial and less 
threatening than "processes" (witness instances of teachers and 
students writing original plays, etc.); iv) the rhetoric and epis- 
temological orientation of schools (possibly allied with the linear 
limitations of language which Suzanne Longer, Michael Polanyi, 
and Marshall iVicLuhan have remarked) can cope with facts more 
easily than with processes. 
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and to the criterion that "there is a path leading from the point P to the point 
R that does not cross the fence." 



The teacher's role here would require her to ask some questions to^ 
cause the students to analyze further what they mean by a "remote point, "and 
also to analyze further (and state reasonably clearly in words) what they mean 
by "path." There is no problem in agreeing that "fence" means the origina!^^ 
curve. In this way, the students are engaging in the process of explicating 
the ideas of "inside" and "outside" and developing some elementary portions 
of point“set topology*, which is also a respectable branch of mathematics. 



To the question "Is the point P inside the curve?" (in Figure i) 
the children may correctly answer either "yes" or "no." The actual answer is 
unimportant, and the process of explication can be carried out in such a way 
as to defend either answer. What is important is the child's ability to carry 
out this process of explication . 

The mathematicolly-knowledgeable reader can easily sec how this 
process of explication can be carried further. The teacher can present an 
example such as 




the dictionary definition of "explicate" as "to 
unfold the meaning or sense of." 



or such as 




Figure 4. is the point marked "x" inside the curve C? 



or such as 




Figure 5. Is the point P "inside"? 



and on and on forever 




Figure 6. Is the point P inside curve C? 



or such as 



P 



Figure 7. Is the point P "inside"? 
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By such examples^ the teacher can exercise the students in the 
process of expiicotion / including o recognition of the role of dimensionolit// 
and the possible creation of a category labeled "does not apply" or "unde- 
cidable." 



When one describes this process as "having children develop 
mathematics for themseives" one is fnet by the cjusrys "Why net merely teM^ 
the students?" This, of course, replaces process by fact . We can tell the 
student how to ploy the piano, and at a verbol level he may now "know how 
to play the piano" better than if he actually practiced until he was able to 
play. What is at stake is not the most efficient route to an agreed-upon 
goal, but finding routes to quite different goals . Possibly part of the art 
of explication is, as Polanyi argues, necessarily ineffable and able to be 
learned only by "do-it-yourself" procedures and by a kind of apprenticeship 
to one who has mastered the art . 



Remark 1 , How can one exhibit a process for observation 
by those who wish to understand it? The Madison Pro|ect answer has been 
to reject anything in the nature of a "still photograph, " which might suggest 
movement but could not actually show it, to reject "before" and "after de- 
scriptions which might establish the results of a process but would necessarily 
omit the process itself, and instead to record actual lessons on audio-tape, 
video-tape, and 16 mm. film. This makes it possible for anyone to observe 
the actual process of explication, the role of the students in suggesting cri- 
teria, the role of the students in criticizing criteria that have been 



^^Admittedly, this does not answer Gagne's question as 
to whether it might not be more efficient to be more explicit . 
This is a very serious question indeed, and is surely not entirely 
resolved at present* Cf • Polanyi ( 77 ), and also Hawkins (45). 
G. A. Miller, Roger Brown, Aldous Huxley, and others have 
also discussed this. 

Peter Schrag, in the volume Voices in the Classroom 
(06 ), records excellent observations of schools and teachers 
in various parts of the United States and in various kinds of 
communities. It would probably be a defensiole interpretation 
of Schrag *s observations to argue that Schrag sees real educa- 
tion occurring in precisely those schools where a process^ 
approach is somehow utilized . 



: 

suggested, and the role of the teacher in clarifying, challenging, and being 
"devil's advocate" in a kind of "adversory dialogue." 



Remark 2. Polanyi argues that the explication of the mes- ; 

sage is possible only when we attend to the meaning carried by the message, 
and treat the language itself as "transparent." We must avoid becoming 
focally oware of the language itself; to do so would be to lose the meaning. i 

Anyone knows this who has proofread printed material, and has become lost 
in the search for broken pieces of type with the consequence of failing to 
keep track of the content of the message. As Polanyi says, one may "read" 
a book, or one may "observe" a book, but one may not do both simultan- 
eously • 

Similarly, when viewing TV, persons familiar with tele- 
vision techniques may become lost in a focal concentration on the technol- 
ogy: How many cameras are they using? What lens complements does each 
camera have? Where are the cameras located? What "wipes" or "special 
effects" are being employed? Does the result show evidence of instantan- 
eous editing? With or without a "special effects box"? Does the result show 

1 



^^This description of the teacher's cognitive role must not j 

be misread as a description of the teacher's affective role. The 
Project places great stress on the teacher wishing for the children 
to emerge the victors in a fair fight . In one or two cases where 

teachers really sought to gratify their own personal needs by scor- j 

ing actual victories over the children — by "showing them who's 
boss around here" — this method of teaching has failed cata- 
strophically* 

3 

Moreover, in cases where the teacher was overly pro- 
tective of the children and sought to make them the victors at 
the cost of a patently "rigged" contest, the method has also 
proved ineffective. This teaching strategy appears to require 
that the teacher treat the children as respected opponents , and 

that the teacher so arrange the tasks that the children will sue- i 

ceed in an "honest fight." This is possible, because the expli- ; 

cation of meaning and the "discovery" or "invention" of viable 
mathematical structures is# in fact, a possible task. 
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evidence of subsequent assembly by electronic editing? 

The result of such a focal concentration on the '* language 
of the message is necessarily to lose track of the content of the message. One 
could not recount, say, the plot of the play. 

A third example of focal concentration on the language of 
a message obscuring a comprehension of the content of the message occurs in 
stage-fright, which is, indeed, caused by precisely this focussing on the 
wrong aspect of the communication. Unless the language itself is transparent, 
the communication will bo opaque as to content. 

AAetaphoricolly, one can compare this with the phenomenon 
of looking at or through the windshield of an automobile. If one focuses one s 
eyes so as to s^ the windshield, one cannot then use the windshield to look 
through. If one wishes to use the windshield in order to look through it at 
things outside, then one must avoid looking gt the windshield itself.^ (The act 
being described here is more easily performed if the windshield is neither too 
clean nor too dirty.) 

If Polanyi is correct, then the usual present school practice 
is very seriously in error. Schools ordinarily focus attention on the language 
itself, and thereby preclude the use of this language for the communication of 
significant message content. To use a language for significant communica- 
tion one should use the language transparently, and n ot allow it to become q 
matter of focal attention . 

This is precisely contrary to the usual practice in most 

school situations . 

The matter is of special interest to Madison Project 
teachers, since outside observers have frequently commented upon how igfre^ 
quently the Project defines or explains o word . This represents an intuitive 
judgement by Project teachers that it is ordinarily better to use words, and to 
allow children to explicate meanings for themselves, from contextual clues, 

etc. 



Polanyi, if he is correct, ir'dicates that while one can use 
some words to discuss others, only the words being used, and not those being 
discussed, car. carry significant messages. 



It is almost certainly true that children learn lanQucige 
more effectively outside of school than they do inside school • One has had 
for years the child saying "ain't" who was judged os somehow "less intelli- 
gent" than the child who said "isn't." Yet surely the same intelligence is 
required to master the use of either word. Is Polanyi's suggestion correct: 
"ain't" was learned because it was used transparently ^ whereas "isn't" was 
lAnrnori WHS the subiect of focal awareness? (Admittedly there 

are other important factors, such as values, status, social acceptance or re- 
jection, ego-ideals, peer"group influence, and even simple frequency of 
occurrence •) 



If Polanyi is correct, one cannot be simultaneously a 
"proofreader" and a "reader." Language is learned through use, and not by 
focal awareness. (By contrast, if you already know how to use the language, 
a focal awareness of language can allow you to learn about the language, as 
in the study of grammar and linguistics.) 

The relevance or correctness of this remark is not presently 
known to uS/ and little or nothing in the present report, or in M adison Prot- 
ect practice, is dependent upon it. 



Remark 3, It seems virtually inconceivable that any 
commercially-available elementary school textbook series in the next few 
years will emphasize process rather thun facts • This is one of the reasons 
why Project teachers in general wish to see the textbook eliminated from its 
present role as tyrant of the classroom, and also why the Project has iiot 
chosen to intervene in the educational process at the level of writing text- 
books • 



Example?. The Parallel Postulate. (This example is taken from 
the history of mathematics itself, and not from mothematics education.) 
Given a line L and a point P which does not lie on line L, how many lines 
are there through the point P that do not intersect line L? 
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« Point P 



Figure 8, How many lines ore there through 

Point P that do not intersect line L? 



As is well known^ in the usual lay (and school) sense of "right" 
and "wrong#" there is no answer to this question which is uniquely "right#" 
and three different answers none of which is actually "wrong." 

One can answer: None. If this approach is properly developed# 
one gets a viable geometry for which the surface of a sphere can be used to 
provide a model. 

One can answer: Exactly one. If this approach is properly de- 
veloped# one gets the usual Euclidean plane geometry. 

One can answer: Infinitely many. If this approach is properly 
developed# one gets a viable geometry for which the pseudosphere surface 
provides a model • 

In any case# the "mathematics" does not lie so much in the 
"fact" or "answer" one# none # or infinitely many# as it does in the process 
by which one develops the relevant mathematical structure. It would prob- 
ably not be appropriate to say that one develops the structure in order to 

"find" the "answer." 



Example 3. Is the Plane Divided into Fourths? (This example is 
taken from a lesson observed in a suburban junior high school in the spring of 
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1967. The children were bright eighth -grade college-preparatory students 
who had been selected to spend their eighth-grade year studying ninth-grade 
algebra out of the popular Houghton -Mifflin book by Doiciani, et. ai. This 
was not a Madison Protect class.) 

The question arose as to whether non-perpendiculor lines divide 
the plane into fourths: 




Figure 9. is region A larger than region B? 



We can put the question in the form (which the children also came to use 
during the course of the discussion): Is region A larger than region B? 

(Cf. Figure 9.) 

Again, either answer — yes or no — can be effectively de- 
fended • What was impressive about this class discussion was that the chil- 
dren were process-ori ented and wanted to work through the process of anal- 
ysis and explication — indeed, this was the first point in a previously fact- 
oriented lesson where the children showed any animation or interest. Both 
answers acquired able and articulate defenders, and an excellent discussion 
almost took place. 

What prevented the discussion from occurring was that the 
teacher — whose intentions were clearly the best — was not adequately 
able to handle a process-oriented explication. 

In support of the answer “Yes, region A is larger," two theories 
began to take shape . One argued that region B was congruent to a proper 
subset of region A. The teacher could have challenged this formulation by 
pointing out that region B is congruent to a proper subset of Itself : 
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Figure ^0. ?,egion B (cf . figure 9) is congruent to 

region B', which is a proper subset of region 8. 



The teacher seemed to lack facility in constructing this kind of "test-case" 
type of example, cgainst which to test the adequacy of the various theories. 

The second theory in support of the answer "Yes, region A is 
larger, " again provided by a group of eighth-grade childj:en, depended upon 
drawing a circle centered at the point of intersection (as in Figure 1 1), 




Figure 11 . 



and from this going on to imagine a sequence of circles, ail concentric, with 
increasing radii. This theory could have been explicated to lead to the 
theory of infinite sequences, and to the distinction between subtractive com- 
parisons vs • ratio comparisons . 

in support of the answer "No, region A is not larger than region 

This process is mathematics . To carry out this process Is to "do 
mathematics." Admitting that these examples are chosen with malice afore- 
thought, we can still note that for each question either answer is defensible » 
(Just, one might say, as one can decide to drive automobiles on the left side 
of roads, as the British do, or on the right**hand side, as we do. Either 
ansv/er is "correct." The task is not to choose an answer, but rather to work 
out a consistent system •) 

The process of mathematics is largely foreign to schools. It Is 
replaced by the study of facts. Nearly everything of interest and value is 
thereby lost. The loss is unnecessary, since children are ready for — and, 
in fact, prefer — a "process" approach. 



Example 4. |$ There a Number Whose Square is 2? (This question 
arose in a 9th grade Madison Project class. The explication occurred during 
a sequence of lessons. As many of these as possible were recorded on video- 
tape, and kinescopes have been made. The resulting films bear the titles 
Quadratic Equations ^ Introduction to Infinite Sequences , What is Conver- 
gence? , and Bounded Monotonic Sequences ^ and are numbered, respectively, 
1 10, 111, 112, and 1 13 in the list in Appendix D. The class was an ail-girl 
class of college-capable ninth graders. 

In support of the answer "no, there is none," a group of girls, 
admittedly with some help from the teacher, considered the number of fac- 
tors of 2 In p, in q, in p\ in q% and in 2q^, based on the assumption that 
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thereby arriving at a contradiction (through a sequence of easy lemmas)* 

Quite unexpectedly (to the teacher)/ another girl developed the 
following argument: 

Draw a graph of the parabola y = x . 




Figure 12, The parabola y =x^. 



^^For this same question/ a 6th grade [sicl] boy, without 
help from the teacher/ suggested considering the last non-zero 
digit in the decimal answer/ and pointed out that if that was 
“ 1 “ the square would have a "1 " (where it should have a zero), 
if the last digit was 2 the square would have a 4, and so on. 

Last digits of 3/ 4, 5, 6, 7, 8/ and 9 would yield/ respectively/ 
last digits in the square of 9/ 6/ 5/ 6/ 9/ 4, and 1 — but never 
the required zero ! 
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Now draw the line y = 2, 




Now the question is transformed into the question: do these two 
graphs intersect? 

For the further explication of this problem/ leading ultimately to 
the theory of bounded monotonic sequences and the real numbers/ see 
Davis (22)/ and see also the films listed above. 



Example 5. Father/ Daughter/ and the "New Mathematics." 

A father who is not a mathematician (but is a reporter and writer/ and there- 
fore especially able to see and report events) has a daughter studying "new 
mathematics" in a suburban school . The school program does not make ex- 
plicit use of any Madison Project materials or techniques. 

His daughter recently came to him saying that she couldn't 
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remember the rule for dividing fractions. What is interesting is that 
father^ also^ could not remember the rule. Were father and daughter there" 
fore in the same situation? By no means; for some reason they were not^ and 
this difference "" which is not explained in the present report because we 
cannot explain it with confidence is precisely the heart of much of the 
Madison Project's work. 

The father began trying problems in division, to see if he could 
figure out “what you are doing when you divide." After looking at examples 
such as 8 ~ 4, 10 *f 2, 18 t 3, and so on, he decided that you are answer- 
ing the question "How many fours are there in eight?" and he represented this 
on a number line as follows: 

1 - - - I - ■ - I \ \ - I |. , . 1 

01 2345678 

Figure 14. How many 4*s in 8? 



^^There is nothing basically new in this example. Warwick 
Sawyer argued ten years ago that "The poor teacher says 'Can't 
you remember the rule?' The good teacher says 'Can't you see 
the pattern?'" 

^^The nearly ubiquitous role of the "number line" in 
modern mathematics teaching has theoretical support from labora- 
tory studies in psychology. George A. Miller ( 74 ) reports an 
experimental study by Coonan and Klemmcr on what would ordi- 
narily be called "absolute judgement, " an important kind of dis- 
crimination ability that can be measured in the Wiener-Shannon 
unit known as the "bit." Klemmer and Coonan report a channel 
capacity of 3o9 bits for ability to locate points on a number line 
(in contrast, say, with "absolute judgement" of the pitch of a 
musical sound, the "saltiness" of a drink, the curvature of an 
arc, the loudness of a noise, etc.). This is the most satisfactory 
discrimination performance ever recorded for unskilled subjects 
(e.g., exempting musicians with perfect pitch, etc.). That is 
(continued on next page) 



He V/C 4 then able to extend this process to problems such os 



i • 1 

2*4 



5 




4 
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Figure 15. How many 




in 
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(continued) 

to say, people in general are very good at locating points on a 
number line. Of course, given the ubiquity of rulers, thermom- 
eters, ammeters, gasoline gauges, etc., one can suspect that 
superior performance on linear scaling is a result of massive prac- 
tice. (Cf. Miller(74), pp. 85 and 86). Rosenthal (82) hos some 
contrary evidence, suggesting that actually people are iiot that 
good at locating points on the number line. 
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Figure 16 • How 
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in 5? 



1 1 1 1 

0 12 3 4 

Figure 17. How many “|~*s in 4? 



These pictures gave the answers: 




from which father deduced the familiar "invert and multiply" rule. 



^^Cr, more properly^ "generalized to" the usual rule. 
Because of its unsatisfactory logical status ^ the process of "gen- 
eralizing from instances" has nearly been banished from many 
mathematics classes — yet it is surely one of the basic tools of 
creative mathematics. 



24 



What was there here that fqther was able to do that daughter 
could not and should not — have done herself? This is one of the central 
questions in all "inductive," ''discovery," "exploratory," or "explicational" 
learning. Is it something in the area of self-confidence (or self-concept) — 
a belief in your own ability to work out the rule for yourself? Does school 
promote immature dependency upon authority? Is it a question of your con- 
cept of mathematics — i.e./ a belief that mathematics really does make 
sense and really can be discovered? 

We shall explore this lost possibility in the next two examples. 



Example 6. Con Mathematics Be Discovered? Kye's Arithmetic. 
( The Problem of the Unexpected Response. ) In a third grade class of academ- 
ically superior (upper 33% of school population in a good suburban school) 
boys and girls, the teacher had studied with a teacher who had studied with 
the Mc'dison Project. This might then be called a class on the periphery of 
the Project's work. 

The teacher was explaining how to subtract with "borrowing" or 
"re -grouping." She was using the example 

64 

-28 



and was explaining "you can't subtract 8 from 4, so you must regroup the 
60 as ..." At this point Kye, a third-grade boy, interrupted and sold: 

"Oh, yes, you can I Four minus eight is negative four 

64 

-28 

“4 



and 60 minus 20 is 40 
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64 



-28 

"4 

40 



and so the answer is 36” 



64 

-28 

"4 

40 

36 . 

This has struck Project teachers as one of the best results they 
have ever achieved (and one not often equalled) • 

Remark 1 • Kye could not have done this if he had not pre“ 
viousiy studied the arithmetic of signed numbers in grade 2. 



Remark 2. Neither the teacher, nor anyone else associ- 
ated with the Madison Project, had ever seen this algorithm before. It was. 
to us as well as to Kye, a brand new discovery made by a third grade boy. 



^^We have since seen it in several places, and several 
other teachers have reported their students making this same 
discovery. Cf., e.g., Sandel ( 83). See also Cambridge 
Conference on School Mathematics ( 9 ) ♦ Kye*s discovery was 
made in 1961 . A film shows Kye and his classmates working 
with an elaboration of his theory (the original discovery, ob- 
viously, occurred in a class which was not being videotaped). 
Cf. Davis (23), pp. 74-76, 
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Remark 3. This episode is almost the epitome of the dis- 
tinction between what the Project considers a "modern" mathematics program 
as against a "traditional" program The teacher listened to Kye, and 
thought obout what Kye was saying. A "traditional" teacher — or, in 
Sawyer's language, a "poor" teacher — would have said something like 
"No, Kye, that's not how you do it! Now please pay attention, don't inter- 
rupt, and I'll show you again how it goes." Such a "traditional" response 
would have left Kye with the feeling that "this math never does make sense; 
just when you think you've gotten it figured out, the teacher tells you you're 
all wrong . It doesn't pay to try to figure it out. It's better to wait and listen 
to how the teacher tells you to do it," A consequence of "not trying to 
figure it out" would then be a behavior commonly enough observed in stu- 
dents: an inability to judge whether their work is correct until the teacher 
tells them whether they are right or wrong , 



Remark 4, From the teacher's point of view, notice how 
completely unexpected a student response can be, and yet be entirely correct. 



Remark 5. From instances such as this, it seems reasonable 
to suppose that schools ^ teach people either that mathematics ca n be dis- 
covered , or that it cannot be; either that they can discover mathematics, or 
else that they cannot. 



Remark 6. The Project's collection of recorded lessons 
reveal that correct but entirely unanticipated student responses occur very 
often — quite likely in most classes at least once a day, or thereabouts. 
Nearly all of them go unrecognized by the teacher , In the next example we 
give another one that almost passed unrecognized. 



22 It is conceded, of course, that "modern programs" are 
net necessarily new . Some teachers taught "modern programs 
decades ago, and probably centuries ago, Warwick Sawyer 
correctly points out that the distinction between "good" and 
"bad" mathematics would be more accurate. 
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Example 7. The Problem of the Unexpected Response. Nancy's 
Matrix. In a ninth-grade film-recorded class entitled Introduction to Infinite 
Sequences, Part l(and listed in Appendix B os number 1 11),theteacher, intent 
upon an analytic construction of the real numbers via bounded monotonic 
sequences, was confronted with a girl named Nancy (who rarely spoke during 
mrifKematics classes) who said she could find a square root of two by using an 
isomorphism with matrices. The teacher nearly dismissed this as impossible 
since it appeared (at first glance) to replace the theory of limits by the theory 
of 2-by-2 matrices, an unlikely line of attack, and also because Nancy had 
never previously made a valid original contribution in class. Fortunately, 
the teacher had recently had a conversation with Professor Andrew Gleason 
of Harvard University, on precisely this subject, and with this in mind was 
able to guess what Nancy proposed to do — hence the teacher allowed her to 
do it, and she did. 

The recognition of correct student answers in mathematics is an 
exceedingly difficult task . Yet somehow providing for this must be one of 
the fundamental goals of programs for the improvement of school mathematics. 



Example 8. What Good Is the Commutative Law for Addition? 
There is a tendency in "new math" to place considerable stress on the fact 
that 



3 + 4 = 4+3 . 

Within Madison Project experience, students do not find this 
interesting. From the Project point of viev/, the students are correct. This 
fact — regarded as a curiosity — is not interesting . 

The fact that this "always works'* — i .e., 

^x ^y X + y = y +x — 



On this issue of the openness of the school to student 
originality (or even to student dissent), cf . Schrag ( 86 ), 
where this appears as a central theme in assessing the effec- 
tiveness of the school — perhaps as tlie central theme. 
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is possibly more interesting, but not much so, if we really regard it os on iso- 
lated fact . 

Mathematicians find this identity valuable ■"-and even exciting ■ 
precisely because they do not regard it as an isolated fact. They use it in 



which is somewhat more interesting, but hardly interesting. 

The real excitement comes from the process of describing a mathe** 
matical system by means of axioms . That this process is possible at all is ex- 
ceedingly remarkable, and its use is one of the things that has added greatly 
to the excitement of mathematics in recent decades. 

The Madison Project gives students experience v^ith this process 
in the following way: 

First, students learn to discriminate between open sentences 
which can be proved not to be identities, vs. those which cannot be proved 
not to be (for the moment). 

Secondly, using this decision procedure, a tentative list of 
"identities" is compiled. 




18 + 32 = (10 + 8 ) + (30 + 2 ) 



CLA 



= (10 + 8 ) + ( 2 + 30 ) 
= 10 + [8 + (2 + 30 )] 

= 10 + [(8 + 2 ) + 30 ] 
= 10 + [ l 0 + 30 ] 



= 10+40 



Third, this list is made as long as possible. 

Fourth, methods for "shortening this list without losing anything" 



are sought, and qeneranzation and implication are obtained as two such 
methods • 



Fifth, using these methods, the list is "shortened as much as pos- 
sible without losing anything." 

Sixth, as a result, axioms are distinguished ^i*om theorems . 

With younger students (e.g., fifth grade' j), the process stops 
here.^^ With older students (e.g., ninth graders), the process continues to 
further steps; 

Seventh, the logical processes that .r 've been used more or less 
implicitly are now exposed to explicit study. 

Still further steps are possible: one can generalize the logic 
itself; one can formulate the logic more explicitly and then go back over the 
work with algebraic identities to see if it is still acceptable in the face of the 
new formulation of logic; and so on. 

Of course, the almost inevitable next steps in this process are to 
change the axioms and see what mathematical structure emerges, or else to 
start with a different mathematical structure given in implicit or intuitive 
form, and to devise for it an appropriate explicit axiomatic description. 

The point, of course, is the'- ail of these activities are processes 
to be carried out, and not facts to be leurned . 



typical fifth grade tape-recorded lesson is available 
on the tape numbered D-1, and entitled; "D+D~ 2xQ. 

25 cf. Whitney ( 1 10), for one of“the finest discussions of 
the process approach to the study of mathematics. Polanyi*s dis- 
tinction between the unexamined use of language vs. the examined 
use of language is probably one of the basic principles for organ 
izing curriculum and instruction (cf. Polanyi (77)). 

e.g., Steiner (98). 



Example 9. What Kind of Geometry Belongs in the Elementary 
School Program? One curriculum selection question which is by no means 
settled at the present time is: what kind of geometry belongs in the elemen- 
tary school program? One could propose many alternatives: the study of 
symmetry and translations using physical materials/ via the laws of optics, as 
in Marion Walter's “Mirror Cards”; 27 the study of rudimentary aspects of 
analytic (Cartesian) geometry; the study of Euclidean constructions (as de- 
veloped, for example, by Suppes and Hawley);^® the learning of definitions 
of terms such as "ray," "segment," "line," etc., in a basically Euclidean 
framework; the study of such "topological" matters as continuity, and the 
use of these ideas in studying shadow figures on the wall, etc.; the study of 
visual perception, optics, and elementary aspects of projective geometry; 
the action of "taking giant steps" and the formalization of this into geometry 
based on vector algebra; the use of manipulation of symmetric objects (such 
as cardboard triangles) in order to generate binary operation tables for 
"followed by" on the set of allowable motions (some would say this is algebra 
rather than geometry); learning a vocabulary of three-dimensional forms, 
such as "cylinder," "cone," "sphere," "ellipsoid," hemisphere, " etc.; the 
use of topological ideas such as continuity, monotonicity, fixed points, etc ., 
in the study of functions (as David Page has done with great success); and 

soon. 



As can be inferred from the earlier examples, the Madison Proj- 
ect would opt for those kinds of geometrical studies which are oriented toward 
doing something, and would try to minimize those geometrical studies which 
lean toward — or which, through degradation, will gradually come to lean 
toward merely memorizing facts . 

In its own case, the Madison Project has selected mair:»y 
Cartesian analytic geometry, since this serves Immediately as a vehicle for 
establishing close relations between arithmetic, algebra, geometry, physical 
science, social science, statistics, and probability, in ways which are mean- 
ingful to quite young children, and in ways that lead naturally toward many 



27 Walter (l08) and (107). 
Suppes and Hawley (102). 



active processes. Nonetheless^ the Project recognizes the value of many 
of the alternative approaches (and in fact makes use of many of them)^ pro~ 
vided they tend toward processes rather than tovyarcl the memorization of 
names or of *' facts. ** (For example, the Project uses Marion Walter’s "Mirror 
Cards," and also uses geoboards (or "nail -boards"), as described in Cohen (14)*) 



Example 10. "Show Me What People Mean by 3 Plus 5." Some 
of the examples given here may seem unrealistically exotic, ^0 but it is our 
purpose to show that mathematics, from the early explorations of a four-year- 
old to the research work of professional mathematicians must always and nec- 
essarily contain a major ingredient of process . 

The present example is on the elementary side. 

A lesson which the Project uses with first or second grade chil- 
dren (or even younger children) consists of giving the children attractively- 
colored plastic v/ashers, and giving them the task: "Show me what people 
mean by 'three plus five*." Children make various arrays, such as 



e.g., the film-recorded lessons entitled: Postman 
Stories , Circles and Parabolas , Grophing a Parabola , First 
Lesson , Second Lesson, A Lesson with Second -Graders , Graphing 
an Ellipse , Introduction to the Complex Plane , Weights and 
Springs, Experience with Linear Graphs , Graphs and Truth Sets , 
Tic-Tac*Toe in Four Quadrants , and Small -Group Instruction: 
Committee Report on Rational Approximations . (See Appendix B.) 

^^But if the reader is inclined to dismiss all of this, he 
should first consider the large amount of work which the Project 
has done with thousands of children, including culturally de- 
prived children and including extremely young children. The 
process of using the Marion Walter mirror cords has been carried 
out easily (and seemingly naturally) with children as young as 
three years and six months old, and is quite easy and natural 
for five-year -olds. 
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what people mean by 'three plus five'." 




Figure 19. Another child's response to "Show me 

what people mean by 'three plus five* ." 








Figure 20. Yet another child's response to "Show 

me what people mean by 'three plus five'." 
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Whafr is most important is that children focus on the process of 
arranging the plastic washers in order to "show the teacher," as requested* 
They do not focus on the answer; yet once the washers ore arrayed, every 
child can easily state the answe r; 



Two lessons of this type have been recorded on film, and can be 
viewed essentially as they occurred; they are on the films entitled Additi o n 
and Multiplication Using Plastic Washers and Multiplication Using Dots . 



Example 1 1 . Should "Sets" and "Cne-to-One Correspondences" 
Appear in the Elementary School Curriculum? By now it should be clear that 
the Madison Project would tend to decide this by asking: will the introduction 
of "sets" and "one-to-one correspondences" tend toward the memorizing of 
facts , or will it tend toward the processes of explication, problem-solving, 
model building, etc., in which the students will be playing an active role?. 

The Project’s present tentative answer is to relate this to the basic 
process of re^formulating , re-defining , and extending systems , which will be 
discussed in a later section of this report* Obviously, a Project devoted to a 
"process" approach can announce only tentative "answers, " but the tentative 
answer would be to avoid the use of the idea of "set" in analyzing primary 
grade mathematics* 

For the present, the point is that this decision would be settled 
primarily in relation to the "fact" vs. "process" distinction for what goes on 
in the classroom* 

An alternative "active" or "process" use of these ideas will be 
presented in the next (and final) example* Note that the Madison Project 



Compare also the chapter "A First Lesson in Arithmetic 
with a First Gredo in South Texas," in Cochran (12), which has 
been included in the present report as Appendix E. 
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answer would tend to be: do not introduce an idea if you do not intend t o 
USE it! 32 

Example 12. The Process of Solving One Problem from Professor 
Wylie's Book. A paperback volume that deserves serious consideration for 
study by children where possible, and in any event by teachers, in order that 
they may gain further experience with the process of mathematics is: 

C . R . Wylie, Jr. 101 Puzzles in Though! and Logic (111). 

The first of Professor Wylie's 101 problems is: 

"In a certain bank the positions of cashier, manager, and teller 
are held by Brown, Jones and Smith, though not necessarily respectively. 

"The teller, who was an only child, earns the least. 

"Smith, who married Brown's sister, earns more than the manager. 

"What position do es each man fill?" 



^^This is, of course, not a new notion in western thought, 
but it is contrary to the common "traditional" practice of most 
schools. (Note that "using" an idea means "using it in a signif- 
icant, interesting, challenging, and possibly even exciting way." 
Routine "uses" such as drill, etc., do not ordinarily justify the 
introduction of the idea .) Cf . Alfred North Whitehead's comments, 
made prior to 1929 (Whitehead (109); page references given here 
are to the paperback edition of July, 1949): 

"In training a child to activity of thought, above all things 
we must beware of v/hat I will call 'inert ideas* that is to 
say, ideas that are merely received into the mind without being 
utilised, or tested, or thrown into fresh combinatioi.s. 

(continued on page 36) 

From ; 101 Puzzles in Thought and Logic b y C . R . Wylie, Jr ., 
Dover Publications, Inc., New York, 1957. Reprinted through per- 
mission of the publisher. 
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Y/o nov/ consider the process of solving this problem.^ 

or 

We may ’model" the problem by imaging two sets of names, 
-[cashier, manager, teller} 



and 



{smith, Jones, Brov/n} , 

and our task is to establish a "one-to-one" correspondence between these two 
sets which will reflect the conditions of Professor Wylie's problem. 



^ (continued) 

"In the history of education, the most striking phenome- 
non is that schools of learning, which at one epoch are alive 
with a ferment of genius, in a succeeding generation exhibit 
merely pedantry and routine. The reason is, that they are 
overladen with inert ideas. Education with inert ideas is not 
only useless: it is, above all things, harmful — Corruptio 
optimi, pessima . Except at rare intervals of intellectual fer- 
ment, education in the past has been radically infected with 
inert ideas. That is the reason why uneducated clever women, 
(continued on page 37) 



The reader who is interested in the "practical" use of 
problems of this type — or, rather, processes of this type — 
may wish to refer to: Berger, Cohen, Snell, and Zelditch 
( 3 ); and also to the well-known volume Kemeny, Snell, and 

Thompson (61 ) . 

Notice that we could not interpret these as "sets of 
people," for in such a case the two sets would be identical and 
the desired mapping would not have the desired meaning . This 
may serve as a caution to anyone who is over-enthusiastic about 
"simplifications" resulting from the use of sets. 
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Actually/ we do not need set notation at all; we can settle for a 
two -column array/ 



C S 

M j 

T B / 

and our task is to draw lines connecting these symbols in the proper fashion . 

What is required is, in a wa// the invention of two symbols/ 
which we shall (somewhat arbitrarily) choose as 




(continued) 

who have seen much of the world/ are In middle life so much the 
most cultured part of the community • They have been saved from 
this horrible burden of inert ideas. Every intellectual revolution 
which has ever stirred humanity into greatness has been a passion- 
ate protest against inert ideas. Then/ alas/ with pathetic ignor- 
ance of human psychology/ it has proceeded by some educational 
scheme to bind humanity afresh with inert ideas of its own fash- 
ioning . 

"Let us now ask how in our system of education we are to 
guard against this mental dryrot. We enunciate two educational 
commandments/ *Do not teach too many subjects/' and again/ 
'What you teach/ teach thoroughly.' 

"The result of teaching small parts of a large number of 
subjects is the passive reception of disconnected ideas/ not illu- 
mined with any spark of vitality . Let the main ideas which are 
introduced into a child's education be few and important/ and 
let them be thrown into every combination possible. The child 
should make them his own, and should understand their application 
(continued on page 38) 
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where the cross-markon the second curved line indicates negation. 

V/e proceed at an intuitive, heuristic level, and leave the reader 
to carry out the process of achieving a more formal exposition if he desires. 

i) "The teller is an only child, “ and "Brown has a sister, " 

so we write; 

C s 

M J 

T < -i B 



(continued) 

here and now in the circumstances of his actual life# From the 
very beginning of his education, the child should experience 
the joy of discovery. The discovery which he has to moke, is 
that general ideas give an understanding of that stream of 
events which pours through his life, which is his life. 



"Passing now to the scientific and logical side of educa- 
tion, we remember that here also ideas which are not utilised 
are positively harmful . 



"Education is the acquisition of the art of the utilisation 
(continued on page 39) 



ii) "Smith earns more than the manager," so we write 




iii) "Smith earns more than the manager, “ and "the teller earns 
the least." Therefore Smith cannot be the toller, and we writs: 



32 ^continued) 

of knowledge. This is an art very difficult to impart. Whenever 
a textbook is written of real educational worth, you may be quite 
certain that some reviewer will say that it will be difficult to 
teach from it. Of course it will be difficult to teach from it. If 
it were easy, the book ought to be burned; for it cannot be edu- 
cational . 

• • • 

"We now return to my previous pomt, that theoretical 
ideas should always find important applications within the pupil's 
curriculum. This is not an easy doctrine to apply, but a very 
hard one. It contains within itself the problem of keeping^ know- 
ledge alive, of preventing it from becoming inert, which is the 
central problem of all education." (From: The Aims of Education 
by Alfred North V/hitehead (109), pp. 13-17. Copyright, 1929, 
by The Macmillan Company. Reprinted by permission of The 
Macmillan Company.) 

Contrast this with Peter Schrag's observation on contempo- 
rary schools in the United States: "V\/hat is going on in the class- 
room, and why? Is the tired textbook, for example, merely an 
archaic device sustained by pedants, or is it also an effective 
instrument protecting the community from the teacher's incompe- 
tence and the teacher from the community's prejudices — a war- 
ranty of acceptabie ideological practice?" (From: Voices in the 

Classroom by Peter Schrag (86), p. 6. Copyright© 1965 by 
Peter Schrag* Reprinted by permission of the publisher. Beacon 

Press .) 
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iv) We need no more references to Wylie’s verbal problem. 
Everything else that we need can be read from our diagram. Since S is not 
matched with either "M" or "T, " it must be matched with "C, " and therefore 
we write: 




v) Since "T" cannot be matched with either "S” or "B," it 
must be matched with "J," and we write: 







vie must also have 



C 4 s 




We can now announce the solution: Smith is the cashier; Jones 
is the veller; and Brown is the manager • 



Which was more important: the "answer," or the proce ss of ob- 
taining the answer? 

(Notice that this qualifies as a "process" by virtue of the fact 
that no one had told us in advance how to go about solving the problem, so 
that a measure of original invention was necessarily involved.) 



We have argued that one of the most serious weaknesses in education is 
the seemingly persistent tendency for a curriculum of proce_sse.s to degenerate 
Into a curriculum of facts . The problem is not new, and was^ identified by 
Alfred North Whitehead in terms quite similar to those used in the present 
argument. Whitehead goes further — as we would, also — to argue that one 
of the highest priorities in education must be accorded the task of fighting 
against this degradation from "living process" to ' inert ideas. 

The American classroom today generally loses this battle; ample evidence 
is available from ebservations by Louis Smith, Peter Schrag, and others. 



^^Cf. Smith and Geoffrey (97); Schrag (36); also 
Mayer ( 72)* 
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Notice the contrast between Schrag's description of a laboratory in a 
school in Kansas: 



"Topeka High has made few concessions to the 
ultramodern; many of its teachers follow conventional 
textbooks, impart information when they can, ask 
direct questions that can be answered by finding the 
right page or the right set of notes, and conduct lab- 
oratories by the recipe method* One of the most pop- 
ular leachers says he runs his science classes by *giving 
them instructions. They have to listen. If they make 
mistakes they come back after school • I tell them that 
if they don*t like the grades 1 give them on lab exer- 
cise they can come back and do some more work.' His 
cosmos leaves little room for originality, and the grade 
is — as they say in the trade — negative reinforcement 
imposed according to the number of errors the student 
makes in mixing up the recipe. 

as against Rosenthal's proposal for how laboratory work in psychology (one' 

elsewhere) should be conducted (but, of course, w not at present): 

"Whereas most instructors of laboratory courses 
in various disciplines tend to b'^ very conscious of ex- 
perimental procedures, students tend to show more 
outcome-consciousness than procedure-consciousness. 

That is, they are more interested in the data they ob- 
tain than in what they did to obtain those data. Per- 
haps the current system of academic reward for obtain- 
ing the "proper" data reinforces this outcome-con- 
sciousness, and perhaps it could be changed somewhat . 

The selection of laboratory experiments might be such 
that interspersed with the usual, fairly obvious demon- 
strations there would be some simple procedures that 
demonstrate phenomena that are not well understood 
and are not highly reliable. Even for students who 
"read ahead" in their texts it would be difficult to 



From: Voices in the Classroom by Peter Schrag (86), p. 18. 
Copyright J 1965 by Peter Schrag .““Reprinted by permission of \he 
publisher. Beacon Press. 
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determine what the Vight' outcome should be. Aca- 
demic emphasis for all the exercises should be on the 
procedures rather than on the results# What the stu- 
dent needs to learn is, not that learning curves descend, 
but how to set up a demonstration of learning phenom- 
ena, how to observe the events carefully, record them 
accurately, report them thoroughly, and interpret them 
sensibly and in some cases even creatively. 

"A general strategy might be to have all exper- 
iments performed before the topics they are designed to 
illustiate are taken up in class. The spirit, consistent 
with that endorsed by Bakan (1965) ,38 would bo *What 
happens if we do thus-and-so' rather than *Now please 
demonstrate what has been shown to be true.' The 
procedures would have to be spelled out very explic- 
itly for students, and generally this is already done. 
Not having been told what to expect and not being 
graded for getting 'good' data, students might be more 
carefully observant, attending to the phenomena be- 
fore them without the single set which would restrict 
their perceptual field to those few events that illus- 
trate a particular point. It is not inconceivable that 
under such less restrictive conditions, some students 
would observe phenomena that nave not been observed 
before. That is unlikely, of course, if they record 
only that the rat turned right six times in ten trials. 
Observational skills may sharpen, and especially so 
if the instructor rewards with praise the careful obser- 
vation and recording of the organism's response • The 
results of a laboratory demonstration experiment are 
not new or exciting to the instructor, but there is no 
reason why they cannot be for the student . The day 
may even come when classic demonstration experi- 
ments are not used at all in laboratory courses, and 
then it need not be dull even for the instructor. That 



Rosenthal's reference here is to: D. Bakan, "The 
mystery-mastery complex in contemporary psychology . Amer. 
Psychologist , 1965, 20, 186-191. 




43 



the day may really come soon Is suggested by the fact 
that so many excellent teachers arc already requiring 
that at least one of the scheduled experiments be 
completely original with the student* That, of course, 
is more like Science, less like 3cicncc"Fair.‘' ^ 



0 « ••• 1*^ I iHO 4Qn^f>Ucic ic I'Q 1 C Mofr ijn ifl U0 iPo 

Wl V/J^V/^VI • IW aiilil iltw I • I «« I'm*# ••w - ^ 

the Madison Project, Essentially this same proposal has been made (as we 
have just seen) by the psychologist Rosenthal, but also by the biologists 
J. J. Schwab and Edwin B. Kurtz, Jr.,^‘ by the mathematician Hassler 
VVhitney^^ (and also by E, E. Moise, R. L. Moore, George Polya, and 
others), by the writer Hughes Mearns,^^ by the science educator Mary Lela 
Sherburne,^ by the British mathematics educator E, E, Biggs,^^ by the 
eminent German mathematics educator Hans"Gcorg Steiner,^® and, as we 
have seen, by Alfred North Whitehead. Many other scientists and educators 
could be cited in support of such a shift of attention (including J. Richard 
Suchman, David Page, Carl Rogers, Earl Kelley, Donald Snygg, and Richard 
Feynman, among others). 



39 From: Experimenter Effects in Behavioral Research by 
Robert Rosenthal (02), pp. 35-36. Copyright© 1966 by Meredith 
Publishing Company. Reprinted by permission of Appleton -Century 
Crofts , 

^^Schwab (90). 

Kurtz (65). 

Whitney (110). 

^^Mcarns (73). 

^Both in the film Classrooms in Transition and in the report 
The Cardoza Model School District; A Peach Tree Grows on T, 

Street (92) . 

^^Cf. the film I Do... And I Understand, available from ^ 
Mr.S.Tithcradge, Manager, New Print Department, Sound Services, 
Ltd., Wilton Crescent, Merton Park, London, S.W , 19, England, 

Steiner (90). 
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Nonethe l ess# many "new math*' programs aro just about as much "fact” 
oriented'* os the average traditional program was. Progress on this front has 
proved elusive. 



The difference between the role of the textbook in a college physics 
course, as against a second*grade arithmetic course, must be emphasized. 
Good university texts are, indeed, "process oriented," if only because of 
their emphasis on solving interesting and varied problems. The "tired text- 
book" Schrag finds at the pre-college level (and which is especially notice- 
able in the elementary school) is quite a different matter, and Schrag is 
probably correct in suspecting that it is a symptom of some deeper underlying 
problem. 



It must further be emphasized that a "process-oriented" approach is not 
less accessible to children; quite the contrary: children prefer it, and flour- 
ish under it, as long as the school can measure up to the severe demands of 
providing a suitable learning environment. 



If a single major purpose were to be stated for the work reported here, 
it would be: to decrease the present "fact emphasis" of the schools' curricu- 
lum and instruction in mathematics, and to replace it by a livelier, more re- 
warding process orientation, v/hich would have the further advantage of ren- 
dering a truer picture of what mathematics is all about. 



B. "Learning in Context" 

This same purpose can be stated from a different point of view: it is a 
major purpose of the Project to enable children to learn new ideas in a con- 
text where they will be using these ideas as tools . There is considerable , 

evidence that our purposes shape our perceptions, and probably also our 
associations, so that an "idea" is not independent of the context in which it | 

is learned. ^ 
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C. Restatement of the Goal of This Project 

The Project described In this report v/as not concerned with the produc- 
tion of textbooks. It was concerned with the actual encounters with mathe- 
matics which actual children would have in actual classrooms. The changes 
in the nature of these encounters which the Project has sought to bring about 
could be defined narrowly as a switch from fact-oriented encounters to 
process-oriented encounters. It is important to keep in mind that this goal is 
really a narrow corollary to a broader goal — namely,^ the goal of making 
these experiences as pleasurable and profitable as possible in the eyes of the 
children, and as “mathematical'' as possible in the eyes of mathematical ly- 
competent professionals. 

It should further be emphasized that these goals have been pursued with 
culturally-privileged children, with "ordinary" children, and with cultural y- 
deprived children. In every case, the mathematician and the child what- 
ever his socio-econemic background “ have usually both preferred the 
process-oriented approach to a fact-oriented approach. The task has been to 
devise suitable "process" experiences, and to give teachers the necessary 
educational background to cope with the demands of this style of teaching. 

The results have been recorded on audio-tape, video-tape, and film. 
This method of recording has been made possible by financial support froni 
the Marcel Holzcr Foundation, the Alfred P. 31oan Foundation, by Webster 
College, and by the National Science Foundotion. 



11. Method 



The method to be used is rather clearly dictated by the purpose. Since 
the purpose is to shift from **mathemQtics as the memorizing of facts to math"* 
ematics as the processes of explication/ invention/ creation/ description/ 
analysis/ etc./" it is dear that the point of intervention had to be the Qctual 
classroom experiences of children. It was not judged feasible/ when this 
Project began eleven years ago/ to intervene in the educational process at 
the level of preparing sample textbooks. It was also not judged feasible to 
intervene at the level of teacher education/ since one would not have known 
what to "teach" teachers in order that they might themselves teach a curricu- 
lum that did not exist within an instructional milieu with which no one was 
familiar. 



Thus the point of inteivention in the educational process was chosen tQ 
be the child*s actual experiences in the classroom. 

If this is where the "result" is to be applied/ one can still ask where 
the creation of the result is to occur. Again/ alternatives exist; one could 
pre-plan a "process" curriculum during a summer writing session/ to give one 
example. Here/ also/ the decision — based on the world of 19d0 or there- 
abouts — was that the creation should itself occur in classrooms . It seemed 
doubtful that "lesson plans" devised entirely by adults — during/ say/ a 
summer writing session — would turn out to be viable in actual classroom 
usage. Hence the procedure was developed of having a team of mathe- 
matical ly-competent people and educationally-sophisticated people work^ 
out a flexible and tentative lesson plan/ try it out with children/ discuss it/ 
revise it and polish it/ subject it to further trials/ and — when it seemed to 
be in reasonably stable shape — teach it to children to whom it was a new 
lesson^ and record the interplay betw een teacher and children on film, video- 
tapeTor audiotape. The ultimate results were of two types; the "impersonal" 
or "concrete" result was the set of films listed in Appendix B/ plus a larger 
collection of audio-tapes some of which are listed in Appendix C. The 
"human" or less tangible result was the creation of a group of teachers who^ 
knew how to let children experience "mathematics as a process/"— and/ in 
fact/ the simultaneous creation of children v/ho had participated in such a 

program . 

It was envisioned in the original U.S.O.E, project that such teachers 
would number several dozen/ or possibly a few hundred. This objective was 



modified when Knowles Dougherty, r>r. Samuel Shepard, Ogie Wilkerson, 
Katherine Vaughn, Katie Reynolds, and others, in the Banneker District of 
St. Louis, established clearly that this "process" approach was every bit as 
viable with culturally-deprived children in urban slums as it was with subur- 
ban (or even highlyprivileged) children, and when, subsequently, 

Mrs. Evelyn Carlson, Associate Superintendent of Schools in Charge of Cur 
riculum Development, Chicago, Illinois, requested the Madison Project to 
set up a program to provide Chicago Public School teachers with the neces- 
sary educational background to use these same materials and procedures in 
something of the order oF 12,000 classrooms in Chicago. The program subse- 
quently expanded to include also teachers in New York City, Philadelphia, 
Los Angeles, and 5an Diego County. Some of this extension has been 
financed by ^]an Diego, Los Angeles, Chicago, and Philadelphia, and some 
of it has been financed by the National Science Foundation . All of it is an 
outgrowth of the original U.S.O.E. program. 

There are thus four products: 

i) "process" lessons 

ii) recordings of these on film or tape 

iii) teachers capable of teaching these lessons 

iv) children who have been participating in this program . 

Furthermore, the original U.S.O.E. Project, aimed at dozens (or pos- 
sibly hundreds) of suburban teachers and their students, canne to blend ^ 
smoothly into a much larger Project, sponsored by various cities, counties, 
and by tne National Science Foundation, which deals with urban children 
and with their teachers in five major urban areas of the United States 
(Chicago, San Diego, Los Angeles, New York City, and Philadelphia), plus 
smaller programs in St. Louis and in Washington, D. C. 



A . The Curriculum Aspect 

To return to the "proc ess" lessons themselve s, one can to some extent 
identify a "curriculum aspect" and an "instructional aspect" (or "milieu 

aspect"). 
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Thusfar^ little has been said of the curriculum aspect. Even if mathe- 
matics is to be experienced as a process^ there remains some question of whot 
mathematics should become the focus of these experiences. 



One of the best discussions of the curriculum realm has been given by 
Jack A, Easley, Jr.^^ Easley (as well as David Hav/kins, and others) views 
the reaim of possible mathematical experiences == from the point of view of 
"curriculum” or "content, ",the "what" rather than the "how" — as a large 
domain, largely unexplored. One could suggest the analogy of Lewis and 
Clark exploring the northwest, but even that is not fully accurate — since, 
in order to have something to explore, one must create the relevant exper- 
iences — the trees, mountains, and rivers were already there for Lewis and 



Clark to discover. It is not so with appropriate experiences in statistics, 
logic, or vector analysis for ten year olds. Suitable experiences must be 
created (from a teacher's viewpoint), before they can be experienced (from 
the child's point of view). A closer analogy might be to Beethoven, "explor- 
ing" a world of possible musical experiences that could only be experienced 
after they had been imagined and created. 



How can a project organize this "topographic exploration" of a domain 
that must be created before it can be explored? 



The Madison Project's answer hes consisted of several parts: 

i) In the first place, the Project recognized that it lacked the re- 
sources to create a complete curriculum . Rather than carry over much unsuit- 
able material into a "new program" — merely for lack of opportunity to find 
anything better — the Project approached the curriculum as one might 
approach urban renewal, iviost of the city was left untouched. Only in spots, 
where it was possible to make definite improvements, was the curriculum tam- 
pered with. This is sometimes expressed by saying that the Project's materials 
are "supplementary" to existing programs, but there is danger here in that the 
word "supplementary" has different meanings to different readers. 

A school making use of the Project's materials would maintain 
their existing program intact, weave in Project materials where feasible, and 
eliminate portions of the curriculum — either "new" portions or "traditional 
portions — as they become unnecessary or as they were proved to serve no 
purpose in the newly evolving fabr^i. 



47 Easley (32). 
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li) The *'topic •"extension” approach. The actual construction of cur 
riculum materials has been based upon a "topic -extension'* approach. A 
topic — such as the concept of a mathematical variable — is identified as 
being of very high priority. (Indeed, one can do very little modern mathe- 
matics without the concept of variable.) This serves as the focal-point topic 
from which one novv builds. In working with children in the classroom, sps— 
ciaiist teachers try alternative methods of letting children work with vari- 
ables — seeking always either processes that explicate the concept of 
variable itself, or else processes that should precede such explication, or 
else processes for subsequent use that employ the concept in significant fur- 
ther development (and not merely in repetitious "drill" exercises). 



In the course of doing this, various other topics will appear which 
turn out to be more-or-less inextricably intertwined with the classroom work 
with the original topic • 



For example, consider the case already mentioned! the use of 

variable. 



To begin with, there are a wide variety of ideas presently in use 
that more or less resemble "variable," so a selection must be made among 
them: there is the issue of the rule for substitution that says: "whatever re- 
placement is made for the first occurrence of a variable, that some replace- 
ment must be made in every occurrence of that variable." This rule is always 
used in ordinary mathematics and in mathematical logic. Sometimes it is 
stated very explicitly, sometimes it is left tacit. The Project's decision was: 
since this is a pure convention (that is to say, an essentially arbitrary agree- 
men t among people) and not a "fact of nature," it cannot possibly have the 
status of a "self-evident truth," nor can it possibly be "discovered" in any 
scientific sense of the word discovery . Therefore it must be dealt with explic- 
itly, and this treatment has been adopted. 

Some present "modern" textbooks do not use this agreement at ell. 
They allow, for example. 



□ 5 

to stand for such addition facts as 

3 + 2 = 5 . 
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It appears to the Project that such a use, being entirely at var- 
iance with mathematical practice, should be avoided, and the Project does 
avoid it. 



There are other variations in the meaning of the concept of 
voriable. Sometimes it merely indicates an incompleted portion of a mathe- 
matical statement; sometimes it is a letter used to represent a specific num- 
ber (which is often the use in 



3 + 2 = □, 

where "[II" is assumed to be a name for 5). Following virtually universal 
practice among mathematicians and logicians, the Project rejects all of these 
deviant interpretations. 

There is the Newtonian concept of "that which varies" vs. the 
modern logician's concept embodied in Beberman's word pronumeral,, which 
involves a defined replacement set, and so forth. 

The Project uses the Beberman approach, but adjusts the level of 
explicit verbal refinement to the child: sometimes "replacement set" is not 
explicitly considered, and sometimes it is, depending upon the experience 
and sophistication of the children. 

There are, then, various decisions that the teacher must make 
(or the curriculum-developer must make) as to just how the concept is to be 
defined . 



After the concept of variable begins to assume some clarity, 
there is the question: what other concepts are inextricably reja ted to class- 
room "process" experiences involving variables? 

Cne such concept, clearly, is the extension to open sentences, 
truth sets, and open sentences involving more than one variable. These ^ 
ideas must then be developed, in order to cope adequately with the original 
concept of variable itself. 



48 Even the discussion presented here is sharply abridged, 
and omits many questions, such as distinctions between "vari- 
ables," "constants," "parameters," etc. 
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Furthermore, once one introduces truth sets, it is necessary to 
introduce methods for representing truth sets ,49 This leads almost inevitably 
to Cartesian coordinates, graphs, arid infinite sets. 

This, in turn, leads virtually inevitably to a consideration of 
signed numbers (i.e., integers or rational numbers, positive, negative, or 
zero). The extension would be hard to avoid, and any attempt to avoid it 
would introduce artificial distortions into the curriculum. Here are some of 
the reasons: 



a) Once the child deals with a number line 

1 1 1 1 1 

0 12 3 4 

he will naturally ask about number names for other points on this line; this 
kind of inquiry is precisely the kind of "process" that we seek to foster; 
hence we have no choice but to pursue this inquiry with the child, and we 
are thus led to both fractions and negative numbers. 



b) The same argument applies to Cartesian coordinates 




once you can plot points in the first quadrant. 



It is not, however, necessary to develop the concept 
of "set" itself; this can remain part of the tacit unexamined 
part of the structure at this point . 



er|c 
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c) Cncc one has variables and open sentences ^ the child 
if the milieu encourages the process of "exploration" will inevitably come 
up with problems like 



(□xG) - (2xG) - A . 

which will in turn lead him to problems like 

(lx 1) -(2x1)= . 

Hence, cit the very least, one mus* provide negative num- 
bers as names for points on the number line, and as "answers" for questions 
such as 



1 - 2 = "1 . 



iii) Comparison with larger bodies of knowledge. This example has 
already given some indication of how the topic -extension approach can be 
used by a specialist teacher trying out a concept area with children. This 
same example brings us to another criterion for cu»’riculum development: as 
promising "pieces" of cuiricuium begin to take shape, one can compare them 
with larger bodies of knowledge to see whether they look as if they will fit 
well into the larger picture. 

In the present case, we can compare this small -but -promising 
piece of mathematics curriculum (which the Project has tested in grades 2, 3, 
4, 5, 6, 7, 8, and 9) v/ith emerging science curricula in these areas. The 
result (in this case) confirms the appropriateness of this piece of curriculum, 
since nearly every elementary school science program finds it expedient to 
develop Cartesian coordinates. It appears that the emerging piece of mathe- 
matics curriculum wilTTelate easily to modern elementary school science 
programs . 



^®Thc Project has ?aone further, and run its own trials on 
relating graphs to social studies . Again, graphs prove to be an 
exceedingly valuable tool — for example: make a graph show- 
ing the population of your city at ten-year intervals, etc. 
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One can compare this small piece of proposed mathematics cur- 
riculum against advanced contemporary mathematics. This requires what^ 
Polanyi calls the art of proper identificotion/ since the elementary notation 

1 - 2 = “1 



could be interpreted in many ways* Some of these might be judged unsuitable 
{and involve such issues as the need, or lack of need, to distinguish between 
Isomorphic systems). The Project chooses to interpret this as a second-grade 
representation corresponding to the advanced definition of negative one as an 
equivalence class of ordered pairs: 

-1 {(1,2), (2,3), (3,4), (4,5), , 

and hence accepts the elementary notation 

1 - 2 = -1 



as being suitable for gradual refinement into acceptable advanced modern 
practice 



iv) Notice that the topic -extension development has not yet reached 
a natural boundary, for, once we introduce the signed numbers, it becomes 
almost inevitable to ask *'how one does arithmetic with them, and we hove 
not yet answered this question, nor even begun to. 



This criterion may seem vacuous. It is not. When it 
is used, it results in rejecting many possible curriculum inno- 
vations. For example, the notation of "arrows" to indicate 
lines wastes a valuable notation which deserves to be saved 
for the more important task of indicating orientation — i»e., 
"the positive direction" — on a line. This becomes especially 
important, for example, in studying falling bodies in physics, 
where the choice of a positive direction varies from one author 
to another. Cf . Klein (62). 
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v) Retain the topic only if suitabie experiences can be devised > 
Given the goal of emphasizing processes, it is clear that a topic under con" 
sideration will be retained only if suitable experiences can be devised . In 
the present example they can be* The game of Tic"Tac**Toe can be modified 
to teach second"grade children to plot points in Cartesian coordinates (and 
other games are also available) * The game “Pebbles"in"the*Bag" ^2 can be 
used to give concrete experience with problems such as 



- 2 * 



•1 



vi) Try to articulate on over*all theory * As pieces of curriculum are 
created in this way, it seems to be essential to try to articulate an over*%ill 
theory to guide the emerging shape of the curriculum, and to relate "curric" 
ulum" to ^'instruction," from which it has been separated only artificially for 
purposes of short-range analysis* 

The emerging theory has many aspects* We mention one now, 
and will consider more later* 

How many ‘‘different number systems” will we have in the ele- 
mentary grades? The Project presently answers "three," as follows: 

a) The "counting" and “how many" numbers, which must 
therefore include zero: 

^ 0 , 1 , 2 , 3 , 4 , ••*3 



b) The "measuring" or "sharing" numbers: 

(o, 1, 2-i-, 1965, 10.1, ...^3 



^^Cf* the film-recorded lesson entitled: A lesson with 
Second Graders * 

^3 Some liberty has been taken here in the use of notation, 
in the interests of brevity; this set could be "listed," but the 
list given begins in an unpromising fashion for formal definition* 
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c) The "reference point" numbers, which erise in "reference 
point" situations (such as finding number names for the paints on a line): 



1 1 1 1 1 1 1 s- 

• . • ”3 “2 ”1 0 +i *2 +3 • ' * 

V 

This system also includes and so on. 

^ o ^ 



This particular instance of an “over-all -theory” serves the 
function of tidying up the curricular housekeeping; it helps both teachers 
and children map reality into appropriate abstract models by suggesting gen- 
eral guidelines; e.g./ “Is it [for some definite problem^a reference-point 
problem or a counting problem?" 



This concludes the specifically curricular aspect of the discussion of 
methodology. We turn next to the relation between curriculum and instruc- 
tion. 



B. The Relation of Curriculum and instruction 

The example introduced already — beginning with variable and “ex- 
tending” as necessary to graphs, signed numbers, etc. — can serve also to 
exhibit some of the methods used in relating curriculum aspects of school to 
instructional aspects. 

i) Tacit cr ocpiicit Introduction. As has already been mentioned, 
after the precise meaning for “variable” has been determined in relation to 
the curriculum plan, there is still the question of what experiences will the 
children have in order to gain their first acquaintance with this concept • In 
particular, in the case of variable, one can be rather fully explicit ^ or one 
con use an approach that is mainly tacit or implicit . 






For most children the Project uses the tacit approach. The child 
is given a simple task such as: 

teacher writes on board teacher says 

3 + Q = 5 **What can I write in the box in 

order to get a false statement?" 

[children give various answers^ 

‘’What can I write in the box in * 
order to get c true statement?" 

[children ansv*^er "2",] 

An explicit discussion of variable (including even the use of the 
word "variable") is deferred until later. 



ii) Notation. The notation must be worked out in the classroom . 
Although the raised positive and negative signs were developed by David 
Page^ Max Beberman^ and the UlCSM Project^ it was seventh-grade children 
who pursuaded the Madison Project to adopt this notation. In preliminary 
classroom developments, problems such as 

7-9 = -2 

12 - 8 = +4 

had introduced the integers (as discussed earlier). The question then inevi- 
tably arose; how do you do arithmetic %vith these new numbers? How do you 
add them, or multiply them? 

The seventh-grade students — since this was a process approach— 
had the task of working out themselves an "arithmetic" for these numbers, and 
passing judgement on the suitability of their work. These seventh "graders 
easily determined addition and subtraction as usual, but for multiplication 
they chose 



+2 X — 3 = +3 



with the explanation 



“two times three is six^ and then you have to subtract three^ so the answer is 
three." 



The specialist teacher who was teaching the lesson (in order to 
develop appropriate curriculum materials) immediately switched to the 
Beberman*Page UlCSM notation, 

+2 X "3 = , 

explaining the words “positive" and "negative" and showing locations on the 
number line, and the students were able to go on to develop the usuol arith- 
metic for the system of integers. 



These are methodological and epistemological questions raised by any 
approach to curriculum design. In general, while these may remain trouble- 
some theoretical questions, they are not obstacles to effective progress when 
curriculum and instruction materials are developed by work in the classroom. 
The vast amount of feedback data available to the specialist teacher who is 
doing his "creating" in a classroom# with students, is a good practical guar- 
antee against going too far astray. 



C • Viability Testing 

After the specialist teacher believes he has some "process" lesions in 
reasonably stable form, the question arises: this stability has been h-sted 
with one teacher, and with (usually) from three to ten different classes, prob- 
ably reasonably similar in socio-economic and educational background; how 
stable will these lessons be with a wider range of teachers, and with students 
of more diverse backgrounds? 

If the specialist teacher believes the lessons moy be appropriate for 
many teachers and many children, they are recorded on film, taught to more 
teachers, and taught by these new teachers to various classes, including 
culturally-deprived children, "ordinary" children, and culturally-privileged 
children. Various Project specialist teachers observe these classes, and 
determine whether the lessons appear to possess adequate stability in the 



hands of a larger number of teachers, and in use with children of varied 
backgrounds • 

Examples of some lessons which have jiot survived these "viability" 
tests are given in Appendix F • 



D* Possibilities of Extending the Curriculum 

The result of developing more effective notations, end other similar 
devices, methods, and materials, is this; one is then able to extend the 
school mathematics curriculum in two directions. Obviously, one can extend 
toward "more" mathematics, the inclusion of new topics, and more sophisti- 
cation. Various examples already make this clear, and it can be observed in 
many film-recorded lessons, such as Second Lesson ; Graphing a Parabojg; 
Guessing Functions; Average and Variance ; Matrices; Solving Eq uations 
with Matrices ; Axioms end Theorems ; The Study of Functions — Linecr, 
Quadratic, and Exponential ; Programming the IBM 1620, Using GOTRAI^ 
Complex Numbers via Matrices ; Graphing on Ellipse ; Bounded Monoton lc 
S equences ; and others • 

What is interesting is that "extension" in another direction is also pos- 
sible. The best of the new notations are clearer, the "process" approach is 
more inviting, and so one can try to extend school experiences also to chil- 
dren who did not previously pay much heed to mathematics . In doing this — 
especially with culturally-deprived children — it is obviously advisable to 
avoid verbal complexity, highly "explicit" formulations, and certain kinds of 
sophistication. Given this proviso, the extension of a "simpler" program to 
reach more children is entirely feasible, and the performance of culturally- 
deprived children is recorded on numerous films and tapes. 









111. Results 



An Introductory Note: As remarked earlier in this report, the work 
carried on by the Madison Project of Syracuse University end Webster College 

jn ]956 ood ccntinuGs at the present times Over a hundred "specialist 
teachers," closely associated with the Project, have.been Involved, os hove 
several thousand teachers less closely identified with the Project, and many 
thousands of children in their classrooms. If only in fairness to all those who 
have helped shape it, an undertaking of this size deserves to be reported as 
clearly as possible. The present report aims for such clarity; if the tone 
seems over“simplified, polemical, or even strident, this is not so much the 
result of deliberate Intent as the itiadvertent consequence of a striving for 
effective communication. 

From the two"way communications of the past few years it has been 
clear that within the educational ‘-academic community there have been those 
who have understood (and often even anticipated) the goals and methods of 
the Project; there are those who reject both; and there are those who are 
honestly puzzled. 

Part of the difficulty may lie in disagreements about the nature of math- 
ematics and science, or in disagreements about the nature of schools, or in 
disagreements about the nature of children. But perhaps the deepest part lies 
in a disagreement about the nature of knowledge itself . What does the teacher 
need to know? What does the curriculum planner need to know? 

The affluence of our society extends to our libraries end our research 
activities, and here — quite as much es in the world of more mundane com- 
modities and services — we must come increasingly to exercise choice. We 
cannot tell teachers all they need to know about teaching — we must choose. 
Indeed, we must choose not merely content, but also the kind of content, and 
in fact even the media by which and form in which this "knowledge" is pre- 
sented . 

The "results" of the present project are not contained in this section, 
although a conventional view would decree that they should be. Indeed, the 
results are not contained in this report, nor In any other report. Yet it is no 
form of secrecy that causes this to be so. 

The Project has never conceived of its job in such a fashion. The task 
to which it has addressed itself is indicated by the fact that the mathematical 



cunricuiurn in our clemontary and SGcondory schools hos appeared to many 
knov/ledseable observers to be a poor one; the experiences that both teachers 
and children have had with mathematics hove seemed unsatisfactory; and, 
what is by far the most alarming aspect of the matter, efforts to improve these 
experiences hove seemed to bear little fruit* 



This last difficulty is not easily identified, but in the view which the 
Project has come to adopt, the problem is partly epistemological, and in* 
volves two main components* first, a tremendous gap in sophistication, focus, 
or point of view between the language and interests of teachers, as contrasted 
with the language and Interests of "educational research" (or, indeed, of uni- 
versity professors in general, regardless of department); and, second, an 
equally large gap between the kind of knowledge which teachers need, as 
contrasted with that which the conventional wisdom of education seeks to ^ 
accumulate. Although Michael Polanyi does not specifically hove education 
in mind, h|s description of the distinction is one of the most articulate in 
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The conventional wisdom of educational research takes the task of im- 
proving our schools and assigns it to an accumulating body of abstract gener- 
alizations. Yet even when one looks within this very body of generalizations 
it becomes clear that institutions and people are influenced mainly by insti- 
tutions and people. Teachers do not teach as they were told to teach; rather, 
they imitate their own teachers, and teach as they themselves were taught.^ 

In a contest between "doing what I say" versus "doing what I do," rationality 
usually comes in a poor third, if it enters the race at all. 



The present Project has sought to produce certain actual changes in 
schools. Seen from the point of view of the conventional wisdom of educa- 
tion, this is epistemological heresy. The Project has not sought to prove that 
these changes were desirable, any more than it would have sought to prove 
that the introduction of the dominant major ninth into classical harmony, or 
the introduction of the clarinet into the classical orchestra, was desirable. 
These are things that you ^ and then allow people to view them, and to 
build upon them, and to form their own judgements. 

This is not a denial of responsibility, nor a defense of secrecy. It is, 
instead, a claim that values are, indeed, a matter of values; that people 



54 Polanyi ( 77); cf« also Boulle ( 4 ). 






disagree about values; and that simple empirical criteria cannot conceivably 
settle such disagreements* 



In any case where "goals" can be agreed upon,™ and where o range of 
acceptable methodology can be agreed upon, one can eosily seek to achieve 
(or, if they are measurable, to maximize) these goals by selecting within the 
t ^iirU rncAc art^ extremelv rare, and they 

do not embrace any lorge part of education • 



Consequently, what is presented in this “Results" section of the present 
report is not the results # but rather a very partial descri ption of some of the 
results* From the Pro|ect*s point of view -“and, therefore, within the pres* 
ent report — the most valuable sections of a reported innovatiori are those 
which are entitled "Purposes" and "Methods." The " res ulte" themselves have 
occurred to real teachers and real children in real classrooms. 



Those who have worked on this Prolect want their efforts to be under- 
stood. They even wish their errors to be recognized and corrected. In choos- 
ing to speak the language of the classroom teacher, rather than that of the 
"educational researcher," they have been seeking what they believed to be 
the most direct and responsible way to make certain changes in schwis. In 
choosing media to present these changes, they have selected primarily these 

two: 

i) films showing actual "process" lessons; 

ii) workshops involving face-to-face confrontations where^ 
teachers (or others) could experience for themselves some of the experiences 
in question. 

(A third medium of reporting has been the written a posteriori 
"lesson plan.") 

This raises one of the hardest epistemological questions with which we 
are faced today: is fhis the proper kind of "knowledge" to acquire or to 
transmit? 

That such films exist is beyond dispute; so is the fact that such work- 
shops have been held, and have by now been attended by thousands of 
teachers in gre<Jter St. Louis, in Fairfield County, Connecticut, in San Diego 
County, in Los Angeles, in Chicago, in New York City, on Long Island, in 
Philadelphia, in Washington, D. C., in Dade County, Florida, in Corpus 
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Christie Texas, and elsewhere* 

How, then, shall we describe the “results"? 

In the first place, the serious student is asked to view as many films as 
possible, and if possible to attend one or more of the workshops. In this way 
he will come to know something of the results thennseives, rather than to knew 
merely a description of the results. 



It is also impossible to comprehend the "results" without some regard for 
the purposes. The "purposes" of this Project — as with several others — are 
frequently misunderstood* One can regard the school curriculum in mathe* 
matics and science as consisting of the earlier steps in a ladder intended to 
culminate in the production of professional scientists and mathematicians, and 
to keep one*s view firmly fixed on this goal • This is not the focus of the 
Project's ottention. 

Peter Schrag has stated polar objectives for today's education, in his 
remark that: 



it was comforting to believe that our children 
would understand the virtues of our affluent, techno- 
logical consumer society and would rush to join It. 

Many, of course, still do, and many are, in- 
deed, indistinguishable from their predecessors, and 



In an age as sophisticated as ours sometimes seems to be, 
one is continually astonished that our most serious problems are of 
a notably primitive sort. One is surely almost embarrassed to 
stress the error of confusing reality with descriptions of reality, 
yet precisely this confusion is one of the errors presently impeding 
human progress on many different fronh* The point is significant 
because ali descriptions share the common feature that they are 
different from the reality which they attempt to describe. In this 
sense, every description is wrong * If such a thing as a "correct 
description existed, it might Indeed possess the magical properties 
that are improperly ascribed to real (i*e«, wrong) descriptions. 
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yet this is still a new September* It is o September 
when the big facts are not school facts and when the 
most valuable social commodity is not money or labor 
or land but skill , knowledge, and training . As John 
Kenneth Galbraith suggests in The New Industrial 
Stoje, it puts the educational institutions, and espe- 
cially the universities, into key positions of power 
and gives them bargaining leverage that they have 
n«iver had before . It gives education a new degree 
of freedom tc criticize and to dissent, and it con- 
fronts every school and every college w ith a choice 
between training useful cadres for th e system and 
developing free human beings w ho can Pit their 
h.imanlty against the subtle b»t awesome pressure of 
g society ever more prone to sub *' manipulating its 
citizens* fftalics added by RBCT) 

This September is different because more than 
ever before the children who come into the classroom 
hove lived ^ nd understand things that we only know 
secondhand: Our world was made of the dreams 
the depression, furnished with little houses and picket 
fences and a car in every garage; theirs is made from 
the nightmare and hollowness of its reality and of the 
dreams or peace* We looked ahead to prosperity and 
victory; they can look ahead to — whnt? It is dif- 
ferent because whet education must give them is 
facts but experience, not programs but engagement* 



Obviously, any effective combination of curriculum and pedagogy can 
serve alternative masters, at least with a minor adioshnents here and 
there. However, the goal of the present effort was Sehrag s second 
tive: to “develop free human beings who can pit their humanity against all 
the diverse pressures and problems of their environment* 



An earlier age would hove given this assignment to theology. The 
Renaissance might have assigned such a task to the rediscovery and 



MProm: Peter Sehrag, "September Song," Satw^_ 
Review (September 16, 1967), p.07. Reprinted by permission 
of Saturday Review and Peter Sehrag * 
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reinterpretation of the ancient world of the Greeks and the Romans. Today ^ 
for a variety of reasons/ science and mathematics lie closer to the cjuestion 
of who man can become, and what society ought to do* 

The traditional arithmetic curriculum could be attacked as, among 
other things, a menace to mental health; an abstract ritual, devoid of mean- 
ing, to be^ turned precisely with no allowance for error or originality, it has 
been denounced by children end adults alike since the time of Macaulay (cf., 
e.g., Winston Churchill's remarks on the subject). To this mainly negative 
ritual there was added the further insult of some exceedingly middle-class 
(and quite wrong) discussions about buying annuities, investing money, and 
managing checking accounts* 

That arithmetic should be cast in the role of compulsive villain is in 
some ways particularly ironic, since it ranks high among the subjects which 
can be enjoyable and liberating to children* Mathematics, science, and art 
are especially suitable to provide opportunities for growth, for a pleasant 
partnership of teacher and student, and for heightened self-understanding* 

A large part of our accumulated culture is embodied in mathematics, science, 
and art; these subjects ere among the least controversial in the curriculum^ ^ 
(by contrast, history, economics, and political science combine the liabilities 
of controversy with a propensity to degenerate into brain-washing, and in 
response to such threats they usually become unoppetizingly bland); mathe- 
matics and science allow the child room to explore — one of the child's 
favorite activities v/henever it is permitted — and even have the virtue of 
being largely self-checking. A mathematical guess can be tried out, and 
one knows quickly whether or not it has worked successfully. 

This last point — which the Project refers to under the heading of 
autonomous decision procedures — is so important that four examples will be 

given. 



Autonomous decision procedures 

Example 1: Counting. As soon as a child can count discrete 
objects (such as pebbles or bottle caps) reliably, he can verify for himself 
the truth or falsity of a proposition such as 

3+4 = 7, 

by counting out 3 pebbles, then counting out 4, then pushing them together 
and counting the result. He is free from the authority of the teacher in a 
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way he cannot be when he is studying poetry or history • 



Example 2. Given the open sentence 
(2x0 +3 = 8, 

a child who can do a little arithmetic can guess an answer — say 2 ~ and 
try it out for himself to see if it works: 

(2xH3) +3 = 8 

4 +3 = 8 

7 = 8 False* 

The child sees for himself that 2 >Q will not produce a true statement* 



Example 3. Wallace Feurzeig of the Cambridge firm of 3olt, 
Beranek, and Newman has reported on an experiment in letting twelfth graders 
program digital computers. Nearly all computer programing requires a high 
degree of precision — the computer makes no allowances for good intentions. 
Every symbol must be exactly correct. In this regard, computer programing 
seems to resemble a compulsive approach to traditional arithmetic, or to the 
study of traditional grammor, punctuation, and spelling* It is, however, 

, entirely different • In these traditional subjects one found a contest between 

I teacher and studen., in which the teacher seemed cast in the role of inf lex*" 

ible tyrant * Student resentment against capricious human tyranny is not so 
, readily mobilized by a mere machine, and the demand for precision is accept*** 

able in the case of a machine, but unacceptable from a human being* 

^ (Madison Project experience in allowing fifth, sixth, and seventh graders to 

program a digital computer exactly parallels the Bolt, Beranek, and Newman 
experience in this regard*) 

Example 4* This is, in fact, a reasonably correct anecdotal 
account of one of the Project's earliest experiences* The studer^ts were very 
] low achieving seventh graders whose arithmetical skills were quite limited, 

J and who tested low on group I *Q * tests (around 1 *Q * *s of about 80) * These 

students had been taught how to plot points in Cartesian coordinates, and, 
n working as individuals or in smoll groups of two or three, they had made tables 

U and graphs (incomplete, of course) for the truth set of open sentences such as 

n (2 X □) + 3 = A . 
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Several boys, discovering the "slope” pattern for integer replacements of the 
variable □, constructed the graph geometrically by extrapolating via this 
pattern, got some point involving relatively large numbers (such as 10 -^D, 
23 — ^/\)f and then substituted these numbers into the equation to see if the 
resulting statement was true. Their pleasure at the observation that this always 
worked was unmistakable, and Project teachers conjectured that this is one of 
the first things these children had learned in school that checked against their 
own personal experience. How much further joy came from the fact that they 
had "discovered this for themselves" is hard to assess, but the "autonomy" and 
"origin“pawn" experiments of Richard deCharms suggest that this factor is 
probably not negligible. Some children took a large supply of graph paper 
home, and spent hours repeating this experience with different equations 
which they made up themselves. 



In considering the following discussion of "Results," the reader is then 
asked to bear in mind that the goal was to change the school which frustrates 
teacher, child, and parent alike into an institution where adults and children 
could work side by side, exploring the legacy of our culture, exploring the 
possible wise uses of human intelligence, and pursuing continuing growth 
toward autonomous maturity. The "weaknesses" of the school which the Pro|- 
ect has sought to remedy are not primarily related to the Russian launching of 
Sputnik ahead of the United States; rather, they are the kind of weaknesses 
identified by Paul Goodman, by Peter Schrag, by Pierre Boulle, by David 
Hawkins, by Haim Ginott, by Jules Henry, by Carl Rogers, by Richard 
deCharms, by John Holt, by Edgar Z. Friedenbera# and even by John Dewey. 
They have been chronicled by Lawrence Cremin, dramatized by Bel ^ ^ 
Kaufman's Up the Down Staircase g and recorded with considerable precision 
by Louis Smith and William Geoffrey.^® 

The purpose of the Project has been to ottempt to change this disaster 
into something gratifying . 



^^Cf. Cremin ( 17)* 

5®Cf . Smith and Geoffrey (97); cf . also Hawkins (47); 
and also Featherstone (35), and Featherstone (36). This second 
Featherstone article is probably the best statement of what the ^ 
Madison Project is seeking to achieve that presently exists in print, 
although Featherstone is of course discussing schools in England, 
and is not intentionally discussing the Madison Project at all. 
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Having disposed of the preceding necessary words of v/arning, we now 
discuss the actual “Results": 



A. The "Curriculum" Aspect 

From the point of view of the classroom (in grades K-9, primarily), the 
Project has produced o sequence of curricula, most of which are inter^ded to 
be supplementary to the school's regular curriculum in science and mathematics. 

These curricula combine "content" and "pedagogy"— they are perhaps 
not so much a “curriculum" in the traditional sense as they are a sequence of 
quite fully formed experiences. The role of the teacher, and the roles of var- 
ious students, are spelled out quite explicitly, and recorded on 16 mm. film. 
This may appear to be very stereotyped and anti -creative. In fact it is not . 
Beethoven clearly "imitated" both Mozart and Haydn, Bach "imitated" numer- 
ous of his predecessors, Picasso "imitated" Degas, and neither Beethoven, nor 
Bach, nor Picasso seem to have been rendered thereby less creative. Imitation 
in this form is perhaps nothing more than one stage in effective communica- 
tion • The teacher is not left to imogine what is meant by a lesson — she can 
see exactly what is meant, at least os accurately as the best contemporary 
television technology and artistry can record an incident of human behavior • 
(And in the case of face-to-face workshops the teacher will either actually 
experience the lesson as a student, or will actually practice teaching it, or 
both.) 



A list of various curricula developed by the Project over the years is 
presented in Mpendix G. The most important of these curricula are the fol- 
lowing fivei^” 

i) The basic supplementary "unified" curriculum for grades two 
through eight. This "curriculum" (which we shall designate "curriculum 
0^"") consists of a sequence of quite specific lessons, spelled out in consid- 
erable detail and recorded on film. Its purpose is to provide a foundation 



59 We are again concerned with "descriptions" vs. reality. 
We know of no way to determine whether two "different" curric- 
ula are “really the same." Probably no teocher ever teaches 
"the same curriculum" on two different occasions, and two dif- 
ferent teachers never teach "the same curriculum." How broadly 
or how sharply defined should “curriculum" be? 
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for combining orithmetic, algebra, geometry, and science* It has been tried 
with a wide variety of children, including many urban children presumed to 
be underprivileged* (The performance of the underprivileged children has 
not been very different from that of privileged children, so far as this curric* 
ulum is concerned.) This curriculum seems to be reasonably stable for many 
different kinds of children, and makes modest demands upon the teacher (but 
most teachers could not teach this curriculum satisfactorily without a moder* 
ate amount of special training) • 

A more detailed presentation of this curriculum will be given 
below, after an introductory comparison of all five curricula* 



ii) The “assembled” curriculum for grades two through eight* Exper- 
ience with urban children using “curriculum Q'* led to the conclusion that it 
was probably deficient in the following respects: 

a) there was probably too much teacher-domination of the 
learning environment; 

b) there was probably too much work with the entire class, 
and not enough “small group” work; 

c) there was insufficient diversity In the kinds of activities 
available for the children; 

d) there was insufficient relation to arithmetic; 

e) there was insufficient use of physical materials and of a 
multi -sensory multi -media approach; 

f) ”curriculumOC"was probably too easily assimilated into 
usual curriculum and pedagogy procedures, in the phenomenon that is some- 
times referred to as "nullification by partial assimilation," without produc- 
ing the changes that it was intended to produce* 

At the same time that these deficiencies were being noted in 
"curriculum Ct" in the United States, almost identical deficiencies were 
being noted (or had been noted slightly earlier) in England, and some 
English educatr^ had found important innovations that went far toward over- 
coming these deficiencies. This was conspicuous in work done by Leonard 
Sealey, Edith Biggs, Geoffrey Matthews, and Z* P* Dienes, as well as by 



69 



other members of on unusual British organization known os the Association of 
Teachers of Mathematics* 



The jvbdison Project/ having undertaken (under National Science 
Foundation support) to assist the cities of Chicago/ New York/ Philadelphia/ 
Los Angeles/ and the county of San Diego with special teacher workshops in 
curriculum and instruction in elementary school mathsm 0 tics/ assembled a 
considerably broader curriculum based upon: 

a) "curriculum 0(/*' as discussed above; 

b) the English work of Sealey, BiggS/ Matthews/ DieneS/ the 
Nuffield AAathematics Project/ and various members of the A.T.M.; 



c) the work of the Elementary School Science project of 
E.D.C./ in Newton/ Massachusetts (originally under the direction of David 
HawkinS/ and itself heavily influenced by Leonard Sealey and the British 
group); 



d) additional classroom lessonS/ using physical materials/ 
newly devised by Madison Project staff/ or adapted by Project staff from 
other earlier materials feuch as the "geoboard" used by Caleb Gattegno and 
George Polya). 

During August/ 1967^ (for the purposes of the workshop in New 
York City)/ another ingredient was added/ namely/ the elegant "outdoor 
mathematics" developed by Professor Lauren Woodby of Michigan State Uni- 
versity (at East Lansing). 

The resulting curriculum/ related more closely both to arithmetic 
and to science/ using small-group classroom organization/ and emphasizing 
multi -sensory experiences with physical materials/ is clearly much richer in 
diversity of classroom experiences/ and seems to have greater appeal for most 
children. It represents an unmistakable departure from traditional s^ool 
practice in the United States. We shall refer to it as "curriculum Very 
little/ If any/ of "curriculum CX" need be sacrificed in order to use 
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“curriculum ^ 



Hi) A simplified curriculum for primary grades ( specif icollyr for nurs“ 
ery school, kindergarten, and grades one and two)* All Madison ^oject 
materials are intended to be ungraded (which incidentally retards the speed 

■ 1 % mMf nil d6S** 

Wlfn wniCn inSy uvii ^ r_ . . 

ignations should be considered only approximate guidelines, at best. 



Experience in operating workshops for teacher education, espe- 
cially in the major urban areas, indicated that one basic need was not for a 
“fancier" program for young children, but rather for one that was simpler and 
more natural. Quite young children easily verbalize number ideas (such as 
the spontaneous remark from a boy, aged three years, eight months, ‘‘There 
are three orange trees" "-which wos correct), and the Pro|ect has been try- 
ing to build on this — including such topics as learning about United States 
currency ("When I get four quarters, IMI take them to a bank and get a real 
dollar" — a spontaneous remark from a girl, aged five years, three months, 
who in fact had one quarter at the time) and trying to build upon others of 
young children's natural mathematical remarks concerning the world around 
them. Here, too, the British have valuable contributions to offer which are 
gratefully received into the Madison Project curriculum. 

We shall label this "curriculum It is an anomaly among 
“new mathematics" programs in the United States in that it avoids formalism. 



Independently, and more-or-less simultaneously, the 
Cambridge Conference on School Mathematics, meeting at Pine 
Manor Junior College in August and September of 1967, devel- 
oped the broad outline (and some of the detail) for a combi ned- 
math-and-science curriculum for elemei^ary schools which par- 
allels surprisingly closely "curriculum ij." "Curriculum^* is, 
of course, for the most part worked out in relatively complete 
detail, and is somewhat more conservative than the CCSM pro- 
posals, because of its direct relation to more-or-less immediate 
implementation in thousands of urban classrooms in the five par- 
ticipating cities (New York City, Philadelphia, Los Angeles, 
Chicago, and metropolitan San Diego). 

^^Cf. especially Featherstone (36). 
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avoids the specific notion of "set" (in the mathematicai sense), is based pri** 
marily upon the 0 £t of counting , seeks to utilize the child's natural modes 
of learning (and especially to utilize the child's most natural methods for 
naming or indicating numbers, which often consists of holding up the correct 
number of fingers), and accepts most mathematics of this age level on what 
Polanyi would presumably classify as an "unexamined basis," selecting math** 
ematicai ideas (or language) for specific examination only in relatively Infre- 
quent cases, and only where the "meta" examination might be presumed to 
confer some specific (and relatively immediate) benefit 

"Curriculum T" is a particularly old-fashioned^looklng piece of 
"new mathematics*" One of the tasks for the future, quite clearly, is to 
relate "curriculum in a natural way to appropriate portions of "curricu* 
lum C(" or "curriculum jQ*" 

The general flavor of "curriculum can, at least to a limited 
extent, be inferred from the a posteriori "lesson plans" written by Beryl S* 
Cochran, and included in this report as Appendix E* 



iv) The Ninth-Grade Course ("curriculum () ")• The work with cur- 
riculum OLt with curriculum iQ , and with the fifth curriculum discussed 
below ("curriculum C ")# Idato the question of "where children would go 
after completing any of these programs*" Probably only "curriculum £ " 
raises this question seriously, but it seemed advisable to explore possible 
answers* The ninth**grade program, intended for the population of college 
capable students, was developed in order to be able to exhibit at least one 
possible answer * 

There was a second reason for developing the ninth grade course • 
The Project's attempts to develop appropriate courses for grades seven and 
eight have consistently failed, except under special circumstances* This has 
led to the conjecture that possibly these yeors in a child's life either call for 
no study of mathematics, or for a radically different form of mathematical 
study, or (as seems likely) for a radically different type of school experience 
(quite possibly so different that most people today would not consider it 
"school" at ail)* 



^^Cf. especially Hawkins (44)* 
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The obvious response to these difficulties in grades seven and 
eight (coming on the heels of consistent successes in grades four through six) 
was to try to determine the dimensions of the problem^ by trying to identify 
some point “on the other side of the age gap, “ Hence the attempt to teach 
a ninth grade course. 

The ninth grade course was taught for two consecutive years to 
ninth grade students at Nerinx High School / in Webster Groves/ Missouri , 
It has been extensively recorded on film^ and is described in detail in 
Davis (2d. 



It turns out that, for college-preparatory students of the type 
who attend Neriax High School, grade nine is, indeed, “on the other side 
of the gap," and the difficulties that plague grades seven and eight do not 
appear in teaching the Nerinx ninth graders. 

Features of the ninth grade course include: 

a) It is a complete course, and not "supplementary" as most 
other Project programs are • 

b) It was based upon an attempted identification of the weak 
spots in traditional (and most "modern") curricula, including: 

the absence of logic and an axiomatic approach 
to algebra 

an inadequate utilization of analytic geometry 
and the algebra of matrices 

no adequate treatment for the concept of limit 
of g sequence 

no relation to experimental science 

no opportunity for the students to develop moth- 
ematical systems for themselves 

no systematic way of proceeding from initial 
intuitive ideas to increasingly explicit and formal 
versions (again, with the students taking the lead 
in this development) 
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insufficient consideration of the diversity of 
possible mathematical systems • 

c) Because of b), the course does use logic and an axiomatic 
approach to algebra, it does use analytic geometry end the algebra of 
matrices, it includes the study of limits tor bounded monotonic sequences 
(which suffice for the work at hand), it involves some actual physical exper- 
iments, it allows students to develop various mathematical systems themselves, 
it moves carefully from initial intuitive ideas to subsequent formalizations, 
and it shows clearly the diversity of possible mathematical systems. 

d) Some emphasis should be placed on a point already men- 
tioned: the course includes a few actual physical experiments, to be per- 
formed by the students. This has implications for school architecture (at 
least to the extent of “borrowing” science classrooms for these particular 
lessons) . 



e) The course combines “small group work” as a principle of 
classroom social organization, to be used about two*thirds of the time, with 
total class “large group” discussion, to be used about one"third of the time. 

f) In its present form, the course can be taught only by 
specially"trained teachers. 

g) The course: does not presuppose any “modern mathematics" 
programs in grades K-8, but students who have had previous Madison Project 
courses consistently outperform those who hove not . This is presumably a 
quite unsurprising consequence of continuity of viewpoint, notations, etc. 

h) Whereas curricula /3and J, especially, are intended for 
o l j children, this ninth grade program is intended for all college-capable 
children. 



v) The “sophisticated” curriculum for grades three through eight 
(“curriculum f ")• Whereas each of the preceding curricula are in some sense 
“successful" and (within reason) "reliable," this present fifth curriculum is 
something of an oddity, apparently not really a viable curriculum, yet tanta- 
lizingly provocative in those cases where it has succeeded. 

All of the first four curricula listed here are, to a greater or 
lesser degree, "practical solutions” to present school needs. This fifth 
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curriculum is not. It is listed as important more because of the theoretical 
questions which it appears to raise. 



From autumn, 1959, until June, 1964, the Project conducted a 
very sophisticated mathematics program for the upper third of the students in 
Weston, Connecticut (which had at that time a three-track program), for 
grades three through eight. This program is extensively recorded on film and 
on audio-tape (it is the most fully documented of all of the Project's programs; 
for several years every single lesson was recorded on audio-tape, and these 
tapes hove not been erased; a few were lost in a fire when one of the Weston 
school buildings burned down) • 



This program in Weston appeared to all observers and by all cri- 
teria used to be superbly successful; when, however, it was subjected to 
viability testing by attempting to have the same teachers replicate it in other 
school systems, the program was unsuccessful and failed to hold the students' 
interest (in Weston, the same students were followed for five consecutive 
years, and their performances are recorded on tope and film over this period) « 
When it was further subjected to feasibility testing with different teachers, it 
also failed (although on achievement tests the students outperformed care- 
fully matched students in more conservative curricula). A few students 
became captivated and highly involved, but most wore judged by teachers 
and observers to be relatively apathetic (though surely no more so than in 
traditional classes). 



Why this program worked so well in Weston, Connecticut, and 
has never worked equally well elsewhere is entirely a matter for conjecture. 



B. A More Detailed Look at the Five Basic Curricula 

^Curriculum Ct.” Purpose: A supplementary program intended to 
enable schools to relate the study of arithmetic, algebra, geometry, and 
science, thereby creating a single unified math-science curriculum 



^^Cf., e.g., the achievement test study by J. Robert 
Cleary of Educotional Testing Service, Appendix A, pp. A-6 
through A-25; more striking evidence is available in the films 
showing the actual classroom lessons. 
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(non^graded, but useful in grades two through eight)* 



Concepts and skills involved: plotting points in Cartesian cooioinates^ 
arithmetic of signed numbers (i*e*, integers: positive, negative, and zero), 
variables, functions, methods of representing functions (including algebraic 
formulas, tables, and graphs), measurement via inequalities, measurement 
vie numerical answers with uncertainty, open sentences and truth sets, angles 
(regarded as rotations), linear measurement, area, and volume* 

Exomples of specific classroom experiences; 

1, Introduction of unexamined use of language in the case of the 
concept of ’Variable* " We hove considered earlier (cf * “Remark 2” on p« 13) 
Michael Polanyi's distinction between “examined*' vs* "unexamined" use of 
language — which means especially the "unexamined" introduction of new 
language vs. the "examined" introduction* We have also considered the 
problem of selecting among the alternative meanings of "variable" (cf. pp* 
50-51) . 



Once the choice of meaning for "variable" has been settled — 
and for present purposes this is the meaning used in contemporary mothematical 
logic (and, say, in the UlCSM program): "a variable is a placeholder for the 
name of a number (or other mathematical entity)," we must choose either an 
"examined" or an "unexamined" introduction in the sense of Polanyi * The 
Project, in its work with younger children, has consistently found an "unex- 
amined" Introduction to be more effective*^ 

This clarifies the task considerably; we want to get children — 
say second -graders (i«e*, about eight year oi^) — working with variables 
and discussing what they are doing without too much self-consciousness * 

One simple solution to our problem — once it has been posed in 
this form — is to write 



3+0 = 5 , 



and to ask the child: 



^As noted on p* 14, this is contrary to the usual practice 
of most schools at the present time* 
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"What can 1 write in the box to make 
a true statement? “ 

'•Whet can I write in the box to make 
a false statement ? ” 

This precise lesson, with chlidren of various grade levels, can be 
observed on several Madison Project films, including the film entitled First 
Lesson • 



2. Practice with addition and multiplication^ practice with the con- 
cept of 'Variable#" and an opportunity to discover some patterns and to make 
use of them. The Project has argued that “rote drill” is always a confession 
of failure on the teacher's part, tantamount to saying: "I can*t find any sen- 
sible reason for you to do this, so do it just because I told you to." 

Practice^ then, should be embedded into various interesting 
tasks wherever possible, and these tasks should provide for considerable 
practice. in the processes of mathematics (such as “discovery of pattern,” 
“clarification of meaning,” etc.) 

For practicing addition and multiplication, as well as the use of 
variables# we have a natural task (which Project teachers learned from observ- 
ing children, and did not devise a priori ): namely, seeking truth sets for 
quadratic equations. 

One can start with quadratic equations so simple that children, 
using trial and error, will surely quickly hit upon the correct answer; e*g. 

(□xD - (5xQ) + 6 = 0, 
and one con work up to such difficult problems as 



in fact, virtually all of school can be "embedded in 
intrinsically rewarding tasks" if we go about It correctly. One 
astute observer said of the excellent Hilltop School in Ladue, 
Missouri: "This isn’t a school ; this Is a place where you go to 
have fun and to learn things ! ” 
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which surely provides considerable practice in addition and multiplication for 
most students. ^ 



3, The explicit or “examined” use of language. If ordinary school 
practice often “tells” children things thet they do not need to be told/ it also 
often fails to emphasise matters which ^ need to be told gplicitly . One 
such case is the “rule for substitution” in using variables.^' The Project 
states this explicitly/ since it is essentially an arbitrary (though highly con- 
venient) agreement/ and by no means c “low of nature” which might be dis- 
covered • 



Besides stating explicitly the "rule for substituting/” and intro- 
ducing the ^plicit nototion 

U.V.: 5 — »□, 

the Project (inevitably) later gives explicit recognition to the replacement 
set for the variable . This explicit discussion would come around grade four 
for verbally “gifted children/ whereas the actual use of variables (in “unex- 
amined” form) would begin at least as early as grade two/ even for quite non- 
gifted children. (Cf • the film First Lesson, and the film entitled A More 
Formal Approach to Variables.) 



Obviously/ it is not intended to suggest that a sequence 
on quadratic equations would provide the sole practice in adding 
and multiplying; quite the contrary — a wide diversity would be 

used. 



^ Unfortunately/ different authors reverse the meanings of 
the words “substitution” and "replacement, " the common prac- 
tice of engineers being/ for example/ at variance with the usual 
practice of mathematical logicians. The Madison Project has 
therefore resorted to a new notation: "U.V ./” meaning “use of 
a variable." This avoids any doubt as to which process is meant. 
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4. Introduction of signed numbers; the **pebbles*‘in"^he"bog** model * 
A method of making curriculum choices was discussed earlier (cf# p* 50)/ 
under the name of the “topic-extension “ approach* The present example 
illustrates this, and also illustrates two of the Project’s basic approaches to 
designing classroom experiences, which will be discussed presently* 

There are many different theoretical interpretations of “signed 
numbers" (i*e*/ integers: positive, negative, and zero; or rational numbers, 
of each type), and it would not be useful here to consider them in discussing 
the present example (cf * pp* 52-56)* 

What is relevant is that, as discussed on pages 50 through 56, 
the "topic -extension" approach to designing curricula virtually forces us to 
provide an answer to the question 
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4 - 6 = ? * 






0 



(This type of question, for example, will arise when we consider 



(□ X D) “(5x0 +6 = 0 



if we use 4 as a replacement for 



the variable O •) 



The further design of a suitable classroom experience (within 
customary Madison Project procedures) is guided by certain general precepts 
which are not scientific generalizations but rather habituol ways of concep- 
tualizing teacher-learning experiences. Two such precepts, which play a 
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Again, there is a serious epistemological problem; over 
the past ten years the Madison Project curriculum designers and 
specialist teachers have developed a rather useful "in-house" 
vocabulary for discussing the process of designing actual class- 
room "happenings*" How useful is it to record this "theory" in 
writing, in order to make it available to others? (Actually, it 
is probably not properly called a "theory," but rather a combi- 
nation of conceptualizations and "practitioner’s maxims" in the 
sense of Polanyi •) Effective work does not |ust happen; it 
results precisely from such a combination of conceptualizations 
and practitioner’s maxims. Could Beethoven have described in 
words how he designed a musical composition? Would it be 
useful to others if he had? 
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major role in the present example, are these: 



The "paradigm” model of knowledge > It is quite clear that 
the actual data "processing which human beings perform is exceedingl/ com* 
pi ex, yet for purposes of designing classroom experiences one needs some con* 
ceptualization of this, preferably a quite simple one. The Project ordinarily 
uses the “paradigm" conceptualization: “knowledge" which a person possesses 
is, in this conceptualization, regarded as a specific post experience stored 
more*or*less in toto in memory, much as a short episode might be recorded on 
motion picture film, but with the added capability of being somewhat modi* 
fied, so that variations on the original episode can be (to continue the meta* 
phor) projected on the screen, and not merely identical repetitions of the 
original episode. This “original episode" is what is here being called the 
“paradigm," whence the name of this conceptualization. 



The "do ... then discuss" strategy for teaching. A corol* 
lary of the "paradigm" conceptualization of knowledge is the "do ... then 
discuss" strategy for teaching. This is in some ways akin to taking a class of 
children to the zoo, then asking them to talk about what they saw and did. 

This strategy calls for the teacher to do something together 
with the children, or to have the children do something themselves, after 
which children and teacher discuss what was done. (This is a quite common 
strategy in many schools in dealing with younger children, but is not used 
much after, say, about the third or fourth grade; the Project uses it at all 
grade levels.) 



Applying these two notions to the task ct hand, we want to "do 
something" with the children which will give them an "episode" or "exper* 
ience" with (say) 

4-6 

which can thereafter be discussed, modified as necessary, and so forth. 
Within Project language, the teacher is developing in the child's mind some 
appropriate mental imagery (the basic "paradigm" or "model" or "experience" 
to give meaning to "4 - 6") • 



Cieari/, “4 - 6” is to be interpreted within the reference point 
system (cf . pp. 55-56) rather than in the "counting" or "how many" system 
(cf o p. 55). 



The curriculum design problem is now fairly clear: find a con- 
crete experience within a "reference point** setting that can serve os a gen- 
eral model for problems of the type 

"4-6 = ?•' . 

The Project ‘s actual response was devised in working in equa- 
torial Africa, whore temperatures below zero were not readily available for 
building experiences, nor could one use ammeters nor double-entry book- 
keeping, deficit spending, and credit. Instead, the experience chosen goes 
as follows: 



A bag is partly filled with pebbles (containing enough pebbles, 
in fact, so that it will probably not be emptied by the ensuing transactions). 
There is a separote pile of pebbles available on a table nearby. 

We shall focus attention on the question of how many pebbles 
there are in the bag — but this must not be done as a counting problem, 
but rather as a reference point problem. Hence we shall establish a refer- 
ence point by some suitably dramatic occurrence (as years in the Christian 
system are counted from the birth of Christ, unfortunately with the omission 
of any year “zero") . The one used is to have some child (John, say) shout 
"Go!" This "starts the game" — i.e., it establishes our reference point. 
We shall not ask "how many pebbles are in the bag" as a counting problem, 
referring to the task of counting all of the pebbles in the bag. Instead, we 
shall discuss "how many pebbles in the bag" as a reference point question — 
are there more pebbles in the bag than there were when John said "Go I, "or 
are there less, or are there the seme number? (Although this would not be 
discussed explicitly with the children, we are making an "unsymmetric" use 
of the symbol in which numerals on the left refer to counting opera- 
tions# while numerals on the right refer to the condition of the bag, de- 
scribed in reference point terms . Notice that what Is done is simple, but 
the task of describing what is done in relation to sophisticated contemporary 
"meta" discussions of mathematics is somewhat complex.] 

A possible "happening" might proceed as follows: 
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John: Go ! 

Teacher: How many pebbles shall we put in the beg? 
Mery: Five 

Teacher writes: 5 (while e child actually puts five pebbles 
into the 1ag]69 

Teacher: How many pebbles shall we take out of the bag? 

Nora: Seven 



Teacher writes: 5 •• 7 [while a child again actually physi" 
cally removes seven pebbles from the bagj'® 

Teacher: Are there more pebbles in the bag now then there 
were when John said ”Go»" or are there less? 



Children: Less 
Teachor: How many less? 
Children: Two less 



Teacher writes: 5 *“ 7 — 2 [and relates the symbol and ^ 
name "negative two" to the condition of having 
"two less pebbles ir^ the bag than when John 
said *Go* "3* 



This can be viewed in many Project films, perhaps especially the 
film A Lesson With Second Graders , (Notice that the language and symbols 
are introduced largely in an unexamined way, with as little ©cpSicit dis~ 
cussion as possible •) 



69 For the sake of "meta" discussions, notice that this was 
a bona fide "counting" transaction. 

Again, a how fide "counting" operation — the child 
counts out seven pebbles* 

82 




o 

ERIC 













“Curriculum (The "assembled" curriculum for grades two through 
eight, drawing heavily upon E.S.S., the Nuffield fy/lathemafrics Project, etc.) 

Purpose: As with "curriculumCX," this curriculum is designed to pro- 
vide 0 foundation for relating closely together the areas of arithmetic, alge- 
bra, geometry, and science. "Curriculum p" however goes much further. 

The clossroom social erganiistion is changed to emphasise small group wor.., 
Individualized instruction, the use of physical materials, the use of "mathe- 
matics laboratories," etc. These departures from "curriculum 0( hove been 
discussed earlier in this report. 

"Curriculum^" carries the “unification" theme further, including car- 
pentry, social studies, art, communication skills, etc., along with mathe 
matics and science. It is intended to reach a greater diversity of children, 
and appears to be able to do so. 

Actual classroom lessons of Madison Project "curriculum/)" can be 
seen on the films Geometry Vio Concrete Objects , Gluing and Stamping 
Using Geoboards with Second Graders # An Introd uction to Geometry Via 
Nailboards, A Sixth-Grade Lesson on Place-Value Numerals, The Concepts 
of Volume and Area . The Classroom Divided Into Small Group s: Counting, 
Volume, and Rational AoDroximations # Small -Gro up Instructicn; Signed 
Numbers. Rational Approximations# and Motion G eometry, and various others. 

Three films not made by the Madison Project relate to this general 
theme, and possibly express the main ideas more clearly, namely: 1 , Dq . sjls 
A nd I Understand, available from Mr. S. Tltheradge, Manager, New Print 
Department, Sound Services, Ltd., Wilton Crescent, Merton Park, London, 
S.W. 19, England; Maths Alive , available from the Foundation Library, 
Brooklands House, Weybridge, Surrey, England; and Clcssrooms in Transition, 
available from Mary Lela Sherburne, Education Development Center, Inc., 

55 Chapel Street, Newton, Massachusetts 02158. 

"Curriculum /)" is sufficiently rich in content diversity that different 
portionf> of it may be made to serve quite different purposes . ^ It includes ^ 
"curriculum CX" as one of its parts (but due to individualization^ instruction, 
not esd children would necessarily meet all parts of "curriculum CC") • m 
addition there are additional units developed by the Madison Project, espe- 
cially in relation to arithmetic (e.g., extracting arithmetic problems from 
the morning newspaper), and to geometry via geoboards. It includes a\so 
units developed by other individuals and groups, sometimes modified and 
sometimes used without modification: 



many units borrowed from the Nuffield Mathematics Ptoject 
Morion Walter's “Mirror Cards" (E .$.$•) 

Marion Walter's "informal geometry" 
attribute blocks (E«S •$ •) 

Cuisenoire rods 

various units developed by Leonard Sealey (e.g./ on pronouncing 
names for numbers, and siting names for numbers by using 
Dienes' MAB blocks) and by Edith Biggs (e.g., on classification 
of geometric shapes of naturally-occurring objects, such as an 
assortment of cardboard boxes) 

the use of a wide variety of desk calculators, such as the 
Legomarsina, Monroe calculators, ten-key calculators, full- 
keyboaid calculators, double-keyboard calculators (of the type 
commonly used by statisticians), calculators that print on paper 
strips, inexpensive plastic calculators costing a dollar or so, 
manual machines, electric machines, etc. 

Lauren Woodby's "outdoor mathematics," emphasizing measure;* 
ment, ratio , and proportion 

other uses of Dienes' AAAB blocks 

place-volue numerals using beans, tongue depressors, etc. 
(developed by Beryl Cochran) 

the "sine-generating machine" developed by the Cambridge 
Conference on School AAothematics during the summer of 1967 

the simple rough study of periodic functions, such as temperature 
at various hours of the day (suggested by Professor Andrew 
Gleason of Harvard University) 

other units involving periodic and sinusoidal functions (»me 
developed by Donald Cohen, and some adapted from E .5 .i .}• 



It should be emphasized that "curriculum p " can be used so as to be 
easier than "curriculum 0(/ ” so as to be more sophisticated and more pro** 
found. The desired outcome is achieved by individualized programming for 
different students or different classes. 



"Curriculum y " (a simplified curriculum for primary grades) . 

Purpose: To build as naturally as possible on a young child's propensity for 
seeing mathematical aspects of his environment^ provided he is given rjeason* 
able encouragement. 

The best description of "curriculum 'y' " at present is Beryl Cochran's 
report which appears as Appendix E to this report. 

Films showing lessons In "curriculum y*' include: the series of five 
films entitled Teaching Big Ideas in Mothematlcs to First Grade Pupils# Add!" 
tion and Multiplication Using Plastic Washers ^ Multiplication Using DotS/ 
Experience With Fractions — Lesson \ , Experience With Fractions— Lesson \\ , 
and others. 

The non-Madison Project film Moths Alive# mentioned earlier^ is also 
relevont here. 



"Curriculum 6 ." Cf . the ninth grade films listed in Appendix B, and 
the ninth grade report mentioned earlier. 



"Curriculum € " (the "sophisticated" curriculum for grades three through 
eight). Concepts include (In addition to all those of "curriculum CX"): 
axiomatic algebra, implication, contradiction# uniqueness, isomorphism, the 
algebra of 2-by-2 matrices, truth tables, inference schemes, frequency dis- 
tributions in statistics, graphical integration and graphical differentiation, 
derivation of the quadratic formula, vector kinematics, velocity, accelera- 
tion, and the C,N-definition of limit of an infinite sequence (together with 
formal proofs, using this definition, that the limit of a sum is the sum of the 
limit? >tc.). 

As discussed earlier, actual classroom lessons from "curriculum f " are 



more fully recorded on oudio"tape/ video *tapC/ and film than is the case for 
any of the other curricula discussed here. Films include: Clues # Matrices # 
Solving Equations w ith AAatrices # Accumulating a List of identities # Introduc- 
tion to Derivations# Second Lesson # The Study of Functions -- Linear# Quad- 
ratic, and Exponential # Small -Group Instruction: Signed Numbers# Rationa l 
Approximations# and Motion Geometry # Small -Group instruction: Commifree 
Report on Motion Geometry # Average and Vcrionce # Pr ogramming the IBM 
1620# Using GOTRAN # Derivation of the Quadratic Formula — First 
Beginnings# Derivation of the Quadratic Formula — Final Summary # Complex 
Numbers via Matrices# Jeff*s Experiment # Grophing an Ellipse# Limits (First 
Version)# limits (Second Version)# and others* 



C. Classroom Atmosphere 

The emotional climate, the means of communication (both verbal and 
non-verbal)# the respective roles of teachers and of students are what they 
are. It was largely because of the unlikelihood of an adequate rhetoric to 
describe this being developed In the 1960's that the Project resorted to record" 
ing actual classroom lessons on film and on audio-tape. 

Probably no adequate rhetoric yet exists# There have developed a cer- 
tain number of practitioner’s maxims# generally quite similar to those of 
clinical psychology and analytically-oriented psychiatry# 

It is hoped that the films will be used by scholars seeking to develop 
such a rhetoric, and at present the fil^s ore made available free of charge 
for this purpose.^* How fruitful the cipproach via explicit abstract descrip- 
tion will be during the second half of the twentieth century is precisely one 
of the main epistemological questions before us* It lies generally In the same 
area as other matters of art which may or may not be usefully discussed via 
explicit abstract symbolically-coded generclizations, and via media other 
than their usual media of presentation* The teacher in the classroom hears 
the overtones in children’s voices# and sees their facial expressions# All 
good teachers believe they are guided by these cues# perhaps more than by 



Cf . especially the discussion in Shulman and Keislar# 
ed. (94)* 



any others, in making those decisions that a teacher makes in class. 

One episode will be mentioned here. It occurs during the filmed lesson 
entitled Second Lesson ^ and may be viewed by any interested reader. 

A third-grade girl named Ruth (the class itself being ungraded) describes 
a collection by saying *'You con go on and on • • • and • • • and never stopi ' 

There is wonder in her voice, and a sense of excitement and compre- 
hension • 

A fourth-grade girl named Kate stands up ond says: "The word for that 
is infinite* .” 

The teacher preferred Ruth*s direct and seemingly honest language, and 
feared that Kate was leading the class toward the extreme peril of superficial 
verbal facility — as the late Professor Raphael Salem said of AA.I.T. fresh- 
men: “Every freshman can tell you that the derivative of log x is one over x, 
but he doesn't know what a 'log* is, and he doesn't know what a 'derivative 
is, and he doesn't know that he doesn't know 

Consequently the teacher indicated a preference for Ruth's way of say- 
ing It. At this moment Kate's face fell; her proud contribution had been 
ill-received (there may have been some status-incongruity involved also, 
since Ruth was younger). The teacher observed Kote's change of fecial ex- 
pression out of the corner of his eye, and — in order to restore himself to 
Kate's favor — he felt compelled to use Kate's word "infinite" rather prom- 
inently for the next few moments, although on cognitive and fnathematicaj 
grounds he wished the word had not yet entered the discussion. 

Madison Project teachers appear to be nearly unanimous in believing 
that the proper emotional "tone" to the classroom is essential if students are 
to turn in creative, superlatively original contributions. The desired tone 
might be described as one in which students feel considerable freedom, in 
which attention focuses on the task at hand, in which students allow them 
selves to become deeply involved, and in which students are not anxious. 

The lengthiest verbal descriptions of various tape-recorded lessons were 
prepared by a panel who listened to various lessons by various teachers, and 

wrote descriptions of them . 
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The descriptions bear conspicuous resemblance to the language used by 
Eric Berne in Games People Play # although the lessorv descriptions were 
written before Berne’s book appeared in 1964. They also resemble Haim 
Ginott’s descriptions of adult-child relations in his recent volume Between 
Parent and Child # or any of a quite large school of modern thought con- 
cerning adult-child relations* It is interesting that few Americon classrooms 
would rate opproval under the criteria most of these writers use . Cf*/ e*g*/ 
Brecher and Brecher (6 ), or Thomas (105)/^® the latter of wliich contains 
such remorks as: 



A worthwhile form of discipline is permissive 
to the extent that it allows a child the freedom to 
explore, to discover, to learn through his own actions 
and mistakes* 

Love is one of the ingredients U this total- 
ity* Without love, none of the technique works. 

This same tenor can be heard in the writings of Mearns ( 73), 

Boulle (4), deCharmsand Carpenter (31), Ashton-Warnw (2 ), Holt (50), 
Reik ( 79), Rogers (81 ), Kelley (59), and many others. It sometimes 
seems implicit in Cremin (17). Yet at present no really explicit rhetoric 
exists to permit such discussions to free themselves from the level of “practi- 
tioner’s maxims •“ 

It is for this reason that the Madison Project has recorded actual class- 
room lessons on film, video-tape, and audio-tape* 

The reader is asked whether he could use words to describe the differ- 
ence between Haydn and Scarlatti so that a listener, unfamiliar with either, 
could now distinguish them. Clearly mathematical (information theoretic) 
methods for such a discrimination can probably be created . But would even 
these allow a person, having heard neither Haydn nor Scarlatti, to compose 
original music in the style of Haydn that would rise above the level of rather 
mediocre Haydn, "one of Haydn’s lesser works?" 

^^Ginott (42) * 

72a From: Rachelle Thomas, "A New Approach to Discipline," 
Parents* Magazine # Vol • XLII, No. 5(May, 1967), pp. 59ff • Reprinted 
by permission of Parents* Magazine. 

73 Cf, especially Stern (99). 
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In the meantime/ the use of actual musical instruments for the perform- 
ance of Haydn, and the recording of such performances via audio technology, 
are clearly the method of choice for a basic presentation of the "results.** the 
discussion of these results is usually in the rhetoric either of music critics, or 
of harmony, counterpoint^ and orchestration* 

w w • 

To judge the classroom atmosphere of FVoject lessons, the reader is 
urged to view an appropriate selection of Project films. 



D . Articulation of Practitioner's Maxims 

The construction of appropriate "classroom happenings" is not entirely 
a matter of accident* Two guiding principles have been stated earlier, the 
"paradigm model of knowledge" (cf .p .80), and its corollary, the **do .. . then 
discuss" strategy for teaching. 

We give here two examples of how these principles have shaped two 
specific classroom experiences, and then proceed to one extrapolation. 

1. Inner products and motrix algebra; "Candy-Store Arithmetic." 
(This is taken from "Curriculum f ," and is intended for able students.) There 
are many possible approaches to introducing matrix algebra, among which 
the Madison Project has chosen to begin with a device suggested by Gerald 
Thompson, which illustrates excellently the "do .*• then discuss" strategy of 
teaching* 



The approach to multiplication of matrices is based (when one 
uses this line of attack) upon the concept of the inner product of a co*variant 
vector and a contra-variant vector, I .e*. 



Cf,, e*g,g Cambridge Conference on School Mathe- 
matics (10), p* S3 and elsewhere* 
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(a b c) 




V I = (a X u) + (b X v) + (c X w) 



Clearly, as the above formula indicates, one could introduce "inner product" 



formula. In the classroom work with fifth*igrade children, we proceed quite 
differently, using Gerald Thompson's "Candy-Store Arithemtic," 



self, to compute correctly an inner product. The child has not analyzed It 
or thought of it in this way, but he hos performed the actual act • The "think- 
ing about it" then comes later. 

The problem is presented with a story: you are in a candy shop 
that sells chocolate almond bars, peppermints, and chocolate-covered ants 



via the concept of voriabtes # as indeed we have just done in the preceding 



The Thompson device has the virtue of causing the child, by him- 



( 




I r 

\ / C.C.A. . 



The chocolate almond bars cost 10 4 each 



C.A.B. P. C.C.A. 




the peppermints cost 24 each 
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and the ehocolote'oovered ants cost 50^ o box 



( ) />0\ C.A.B. 

0«A«B« P* C*C#A* 

2 I P, 



CX*A* 



Nov// you buy three chocolate almond bars 



( 3 



0«A*&« P* CeCoAo 




50' C«C*Ae / 



one peppermint 



(31 ) /10\ C.A.B. 

0«A«&* P* CeCeA* 

2 I P. 



i50 ' C*C*A* / 



and zero boxes of chocoiate^covered ants 



(3 1 0 ) /10\ C.A.B. 

C.A.B. P. C.C.A. 

2 I P. 



,50/ C.C.A. . 







The teacher now says to the student: “How much money do you 
spend? Don't just tell me the answer, but show me how you work It out." 



Recalling that this is part of “curriculum € intended mainly 
for able students, it is not surprising — as has indeed been the case —that 
students in nearly all cases will write: 
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At this point the teacher says (in effect): "Congratulations I 
You have just computed an inner product 1" 

This act hoving been performed, the teacher and students now 
discuss it in various ways. For example, they carry out similar calculations 
without benefit of any "story line" to guide them, etc., and this is ulti- 
mately expanded to matrix multiplication in general . 

This example of a curriculum unit in the form of a very short 
"classroom happening" is intended to illushrate the "do ... then discuss" 
teaching strategy, and also hopefully to suggest the "paradigm model of 
knowledge" this experience of "Candy“Store Arithmetic" and the result- 
ing visual blackboard display constitute the basic "paradigm" which the ^ 
student is presumed to store in memory, with a capability of replay as if it 
had been recorded on film. 

Marshall McLuhan*s well*known remarks would seem relevant 
to this;^^ but earlier descriptions of the same sort were made by Professor 
Richard Alpert of Harvard University on the occasion of his viewing some 
Madison Project films showing actual classroom lessons. 



2. "Guessing Functions" or 'What»s Mv Rule." Another lesson 
(or classroom happening) cast in nearly an identical mold was suggested by 
W. Warwick Sawyer. A group of three children work together, so as to be 
able to check one another's arithmetical errors. They "make up a rule" — " 
that is to say, something of the form "Whatever number you tell me, 1*11 
double it and add seven, and tell you the answer." 



^^McLuhan ( 68)* 
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The class now tells the three children some number^ the three 
“use their rule on this number and tell the answer ^*' — but the three ^ not 
tell what their rule is I By repetitions of the class telling a number^ and the 
three telling an answer^ the students generate part of the table for the func" 
tion . Using " □ " to represent "the number the class says" and " A ” to rep- 
resent "the answering number the three give/* the students build up a table 
looking, say, like this: 



p 


A 


0 


6 


1 


9 


2 


12 


3 


15 



Sooner or later the class are able to "guess the rule, " to state it 
in words, and to write an algebraic formula to represent the function. 

The preceding classroom activity provides the "paradigm" for the 
concept of function. It also represents the beginnings of a • •• 
cuss" teaching strategy. The situation is pregnant with possibilities for dis- 
cussion • 



The class may guess the rule as **whatever number we tell you, 
you multiply it by 3 and then add 6, " and may write 

(□•x3) + 6 = A. 

The three children who made up the rule may reject this, and 
argue that their role was "whatever number you say, we add 2, then we mul- 
tiply by 3," and write 

(□ +2) X 3 = A. 

The ensuing discussion will then bring out the distinction between 
"formula" and "function," will lead to an agreement thot gu«sing formulai 
is hopeless so that one must define the game in terms of guessing functions. 
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and will possibly lead to the recognition of an identity ; 



Vp (0^3) ^ ” (D***2) X 3 , 



for which, in "curriculum £ , " the children might then write a correct 

WWP P ▼ • WPP V 



3. Extropolation; Con we design some clossroom experiences to 
distinguish "additive" from "multiplicative" situotions? Polonyi's "practi- 
tioner's maxims” are unlike scientific generalizations in the respect that 
"practitioner's maxims" require an art, not fully understood in explicit terms, 
in order to be translated into effective use, whereas genuine scientific gen* 
eralizotions are sufficiently explicit that they could, in principle at least, 
be utilized by a properly programmed digital computer* Thus, F = ma and 
the modus ponens inference criterion applied to statements written in a sp&c* 
ified form constitute scientific generalizations* The advice that a teacher 
should "not let himself come between the child and the mathematics" is a 
practitioner's maxim* Haim Ginott's advice that we draw the meaning of a 
child's statement from the over-all context, and not ^rely from the state- 
ment itself, is presumably a practitioner's maxim* ^ 

Whatever their differences may be, both practitioner's maxims 
and scientific generalizations hove an extrapolation capability in^ design 
work: they enable us to design new artifacts, experiences, or whatever, 
that are not simply drown directly from past experience* 



7^Cf* Ginott (42)# pp. 17 and 18* 

^ Probably the distinction drawn here between practi- 
tioner's maxims vs. scientific generalizations has a partially 
wrong focus, namely on the explicitness of the instructions* 
Perhaps an even larger difference lies in the degree of explic- 
itness of the anticipated outcomes* Given sufficiently sophis- 
ticoted programming, :t is quite possible that a computer could 
in fact execute practitioner's moxims, but it might not know 
precisely what outcome variables to monitor* 
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To illustrate the tv/o notions used in the preceding examples, we 
now use them to design a new set of classroom experiences that have not yet 
been used in trials with children • 



Actual Project experience over the post eight yeors has indicated 
that children (for example, college*capable fifth and sixth graders) often con* 
fuse "additive" situations with “ratio” situations. The following is an actual 
example: Given the problem that a six*foot“tall man casts a four-foot shad- 
ow, and a certain flagpole casts a twenty-four-foot shadow, some bright fifth 
and sixth graders will argue that the flagpole must be twenty-six feet tall, on 
the grounds that the "thing" is eviderstly two feet longer than its shadow « 

In working indoors at a chalk-board, the Project has never found 
any entirely satisfactory way to settle this question « 



Lauren Woodby's elegant "outdoors mathematics" provides an 
exceedingly natural solution: children explore "how shadows really work" 
by driving stakes of varying lengths into the ground, and making a toble 
relating their lengths to the lengths of their shadows, which might look like 
the following: 



Length (or, if you prefer/ 
"height") of stake above 
ground, in feet 






□ 


A 


6 


4 


3 


2 


5 




4 


3 


4 


1 






( 



Length of shadow, 
in feet 



One can now test the "additive" conjecture 



against this table, and see at once that it is false* One can do more: since 
the children know the "Guessing Functions" or "V/hat's My Rule?" game, 
they can use this method on the table, and obtain a formula to represent the 
function 




or, consequently, 

R - A 

A " 2 , 

or even 

A 

6 4 , etc. 

This provides an honest "process" answer for the specific question 
of shadows, which should presumably also be related to the similar triangles 
that this problem suggests* 

But what is involved here seems in fact to be basically a problem 
in clossifying functions * and hence the classroom activity that is desired is 
presumably one that involves the task of classifying various functions. These 
functions could come from a variety of sources, such as: 

i) stretching of a spring vs • weights hanging on the spring; 

ii) given a fixed loop of string, graph the area it encloses 
when it is shaped into a rectangle, vs* the height of the rectangle (used with 
children by Edith Biggs); 

iii) given rectangles with a common base (not one unit in 
length), cf* area vs* height; 

iv) height of child's head above the floor, as he stands on 
stools, chairs, tables, etc*, of different heights; 

v) area of triangles of fixed base as a function of their height 
(easily done on geoboards) * 
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To serve as conceptually "useful "paradigms,*’ one needs a few 
specific function situations that stand out clearly and that are emphasized 
dratnotically in class* If we wish to minimize the number of function types, 
we could restrict attention to functions eiither of the type 



or else of the type 

□ X a = A. 

To estgblish these two types os "porodigms" for subsequent ref- 
erence, we need to emphasize: 

i) the experience from which the function is obtained; 

ii) the table of the function, including interpolation and 

extrapolation; 



iii) the Cartesian graph of the function; 

iv) an algebraic formula (in standardized form) to represent 

the function* 

In subsequent lessons, as new instances of these functions arose, 
we would refer back to the original "prototypes" or "paradigms." 

[conceivably, if the idea of classification itself is uncomfortable 
for the students, one would use some earlier experiences in classifying physi" 
cal objects d la Robert Kaylus's SC IS Project "• and so on J 

Once these two standard types were firmly established In the 
child's mind, their role would probably be strengthened , rather than 
weakened ^ by subsequently moving on to establish many more categories of 
functions (quadratic, linear but not through origin, conic sections, higher 
degree curves, etc.), and children could make up their own methods for 
carrying out the classification (graphical, finite difference methods, etc*)* 

Thus, while our practitioner's maxims may help to shape some 
new curriculum units, there remains a need ““ to which nearly all^current 
curriculum projects can testify — for extensive testing and modifying in 
actual classroom settings. Indeed, it is probably precisely this need for 
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extensive testing of curriculum units that distinguishes the curriculum reform 
effort of the 1950's and 1960's from earlier "progressive education." The 
points of resemblance ore exceedingly numerous, but whereas progressive 
education (perhaps unconsciously) assumed that a bright, creative, resource* 
ful teacher, drawing on a course in freshman mathematics, a single course in 
chemistry, a single course in biology, etc., could work alongside her stu* 
dents and devise worthwhile classroom (or outside*of "school) experiences 
from which the children could learn about the contemporary world, today's 
curriculum movement makes almost on opposite assumption about means, 
while largely retaining the same goals. Today's assumption is that effective 
classroom experiences for young children should indeed by developed in the 
classroom, and with the children as junior colleagues rather than "students"*" 
but the adults who shape the experiences must possess a very deep knowledge 
of the actual area of study. 



Summary ; The "results" of this implementation project exist in actual 
classrooms in actual schools. What is contained here is merely a description 
of these results. A more complete record of the results exists in a more suit* 
able medium: 16 mm* motion picture films showing actual classroom lessons* 
The seriously interested reader is urged to view these films. 



^®Thus Jerroid Zacharias has pointed out that even physi* 
cists who have won Nobel prizes must sometimes sit around and 
think about the "real meaning" of some physics before they can 
devise effective learning experiences for children. This is quite 
a different assumption, indeed! 
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IV. Discussion 



The project reported here was an implementation program in curriculum. 
This is a type of activity which was welirknown in the late nineteenth century, 
and early twentieth century, in schools in the United States,' and has become 

80 If Kne fonriarl rlicnnnMir frnin th^ 

pi UlllliR?lll III kll^l%l|IWI •• ..—I.. -J — 

recent educational picture in the United States, or at least to diminish consid- 
erably in importance. 



The purpose of this project was not to formulate, nor to gather evidence 
for, one or more symbolically-coded generalizations about classroom behavior* 
It was, instead, to create arid to exhibit some differen t forms of classroom be- 
havior, markedly distinct from those which are ordinorily observable in schools. 



Thus its purpose relates to David Hawkins* remark that “To call something 
an independent variable is not to use a name but to claim an achievement." 

It also relates to the well-known historical role of diversity. "Cultures** 
have blossomed especially when brought into contact with different cultures, 
through exploration, trade routes, or wars. Indeed, Erich Kohler (57) has 
argued that the word culture, deriving from agricultura, was essentially sin- 
gular— meaning the only possible culture, that unique culture which ^ pos- 
sess — until the researches and analyses of modern historians and anthropolo- 
gists (as in the work of the nineteenth century Swiss historian, Jakob 
Burckhardt) gave it its present meaning of a culture, one of many possible cul- 
tures. 



The reader of this reporf must, then, understand what he is reading: it 
is surely not "proof** of anything, and is only partial ly a description of some- 
thing. Like psychotherapy or group therapy, the classroom lessons created by 
the Project exist as human experiences, and suffer drastically from translation 
into any other media. They were never destined for the printed page. 

In today's world, however, effective dissemination does not depend upon 



^^Cf. Cremin (17). 

^^Cf. Nuffield Project (55), and Featherstone (35) and (36). 
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the printed page» Man/ actual dassrootn (assorts have been recorded on 
vfdeo-tope. on audiotape, or on 16 mm« sound motion picture film. These 
films (which were not financed by the U.S.O.E., but rather by N.S.F. and 
other agencies) are the primary record of what has been done. 

A second form of dissemination has been used on a io^^e scale, namely 
by having about forty teachers experienced in the teachirg of the Project's 
various curricula fly into a major city (this program in f<iCt began in Chicago 
under the leadership of Evelyn Carlson and Bernice Ar olne), conduct an in* 
tensive two*week workshop for several hundred teachers in that city, and 
thereafter assist these teachers in conducting after**,chooi and Saturday in* 
service courses. The films showing actual classror.n lessons have played a 
central role in all of these workshops and in*serv',v:'e courses. This program in 
the Chicago Public Schools is now in its fifth yeur of operation, and similar 
programs operate in the New York City Public S;:hools, the Los Angeles City 
Schools, San Diego County Schools, and in the <’hiladelphia Public Schools. 

Modified versions of such workshops hove also operated in Darien, 
Connecticut, in Corpus Christ! , Texas, in St^ Louis, Missouri, in 
Weshingten, D.C., ond in the area of Kansas City. 

Thus the program has consisted of 

i) creation of new classroom experiences with mothematics; 

ii) "viability testing" of such lessons, by gross criteria of 
effectiveness; 

iii) dissemination of some of those lessons which have survived the 
"viability testing"; 

iv) recording actual classroom lessons on film. 

in all of this work, the Project has been, in effect, paying heed to 
Eric Hofer's remark that "history is made by example" — indeed, various 
studies of the diffusion of innovations (even from ancient times) show that they 
are generally carried to now sites by the movements of actual human beings 
who have previously experienced them elsewhere. 

The conventional wisdom of education has, in recent years, been based 
upon a number of assumptions quite different from those used in the present 
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project* It is not our purpose here to dispute this conventional wisdom, but 
rother to coll attention to the disparity, which may impede understanding. 

i) The conventional wisdom has frequently conceptualized educotion 
os a "before" and "after" process that changes peaple, and has focussed atten- 
tion on attempts to measure this change; the iVoject has focussed instead on 
the actual experience itself. In doing so il has accepted the conceptual izotion 
of David Hawkins (46)/ of Paul Goodman,°' and of others, of "todo/*s life for 
today's soke." Much can be said in defense of either conceptualization, but 
experiences outside of school ore commonly viewed as life itself, to be valued 
for their own soke, and such a view may reasonably be taken toward experi- 
ences that are called "educational •" Indeed, such a view becomes increasingly 
relevant os more and more people spend more and more time participoting in 
"educational" activities. We cannot spend our lives waiting for tomorrow, or 
os Eric Berne has said, "for death or Santa Claus." 



ii) Critics of modern curriculum innovations have argued particularly 
that the new programs do not include adequate "evaluation. " In arguing this 
way, the critics appear to ignore thi^ assumptions which underlie their own 
position. For one thing, they usually assume that the goals of education ore 
known, thot they can be stated explicitly, that they are matters of common 
agreement, and that measurements related to the achievement of these goals 
can be made more-or-less harmlessly. Yet for each of these assumptions on 
opposite assumption is no less tenable: probably no adequate list of goals exists 
in explicit form, with the consequence that relatively trivial goals which have 
been stated explicitly are greatly overemphasized, to the considerable detri- 
ment of oil those other goals which are not explicitly stated; quite vmple ob- 
servation reveals that goals of education ore far from being matters or common 
agreement; and there is no doubt that the act of making any measurements can 
be harmful: first, because teachers come to emphasize what they expect will 
be measured, and second, because that which is measured comes to be more high- 
ly regarded, and to contribute thereby greater stability to a part of our culture 
which is already for too rigidly inflexible. 

This is not to say that measurements should never be made, any more 
than one would proscribe exploratory surgery, but in either case one should 



® Cf. Schrag (88). 
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balance the estinnatecl gain in inforrnaHoh against the probable costs* 

There are further reasons why curriculum projects have had little 
faith in "evaluation.** 

For one thing, no simple dire^'-t compcrison with any other curric- 
ulum makes sense, because in nearly every instance the goals are different. A 
test aimed at one set of goals would ordinarily prove the superiority of that 
curriculum, (indeed, the matter is for more subtle than even these words sug- 
gest, for matters of notation, definition , etc. , vary from one curriculum to 
another. Hence questions that are not biased for or against some curricula are 
few and far between. For example, some authors consider that the symbol 4 
denotes the same thing that the symbol ’*‘4 denotes, while other abhors con- 
sider that these symbols refer to quite distinct mathematical entities* This 
problem is for more severe than most observers seem to hove realized. It is 
somewhat as if we tought spoken French in some elementary schools, spoken 
Spanish in others, spoken Russian in others, and spoken Chinese in still others. 
No simple direct comparison on a single test could prove the superiority of one 
of these programs. We could describe them — e.g. , can the child read an 
ordinary daily newspaper in the language he has studied; can he give instruc- 
tions for finding one*s way around town; and so on. But any hope that direct 
comparison could establish the superiority of one curriculum over another would 
seem to be based upon an inadequate conceptualization of the matter at hand.) 

There are still many more aspects to the **evaluation** and **descrip— 
tion" problems. For one thing, there is the question of whether "a curriculum" 
is properly thought of as something which is susceptible to "evaluation" in the 
sense of objective measurement, any more than the works of Beethoven ore. 

What is more likely to be required are very much finer decision procedures, or 
measurement procedures, that can begin to determine which things, experienced 
in which ways, by which children, will produce which results. Thus, one may 
feel that Gieseking played Debussy with superb clarity, but somehow omitted 
the poetry and the philosophy from Beethoven, whereas Rubinstein achieves 
profundity in Beethoven but lacks clarity in Debussy. "A curriculum" will 
mean different things in the hands of different teachers, and will produce dif- 
ferent results in different school environments. 

As with so many comments in education, this is all quite obvious. 
Yet the theme persists — it*s not what you do, it's how you do it. Rosenthal 
has pointed out that global judgements such as **the subject responded with 
anger" seem often closer to the essential reality than more minutely specific 
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discriminatSons, such os "the subject averted his eyes. “ If we m^sure what 
people do — in the case either of teachers or of students — and ignore how 
they do It, we run the risic of acquiring harmful misinformation. 



It has recently been pointed out by one observer that sadistic or 

tnltTAn PlTCldCt^S ^^dlSCOVCrV** 
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procedures and used them as weapons against children/ by way of gratuitous 
denials of children's legitimate requests for help. This is no condemnation of 
“discovery" teaching; rather, it suggests that Beethoven emerges differently 
from the fingers of different pianists. So, clso/ with curriculum and pedagogy. 
It has long been a practitioner*s maxim with clinical therapists that the thera- 
pist should not employ a procedure with which he feels uncomfortable. Some 
similar remark undoubtedly applies to teachers. All of this tends to destroy 
any concept of “the curriculum" as viably invariant. 



It would not be true, however, that the Project "uses no evalua- 
tlon.> *' Quite the contrary; it makes a great deal of use of feedback data, 
often of quite subtle sorts. 

In the first place, a "process" approach means that the teacher does 
not give a lecture, thereafter being left to wonder about what the students heard. 
The situation is entirely different; the child has actively done something — per- 
formed a measurement, stated a generalization, constructed the proof of a theorem, 
etc. — while the teacher watched. Thus the teacher Is not left In doubt as to 
what the child can do. 

The Project's recent emphasis on small -group and individualized in- 
struction corries this even further: the teacher has more opportunities to observe 
student behavior, and to observe every student. 

Thus the teacher is getting a generous helping of feedback infor- 
mution on student performance. 

In the second place, the clossroom lessons used are exceptionally 
fully-worked-out. Thus curriculum and pedagogy are combined, just as plot, 
dialogue, and stage directions are in a play, and the teacher is given enough 
Information about this combination — for example, vie film — to be able to 
teach the lesson in fairly "authentic" form. The ^at Is then taken cere of; 
future attention could quite properly focus on the how — the nuances of tone 
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of voice, the gestures, the movements about the room, by which the teacher 
supports, threatens, cajoles, or gives cufes to correct answers* 

In the third place, there ore the films themselves* Many actual 
lessons can be viewed just as they occurred, with all movements, nuances, 



In the fourth place, the R*o|ect operates in a goldfish bowl; lit- 
erally thousands of teachers have observed classroom lessons and subsequently 
discussed them; hundreds of professionals of various sorts have observed lessons 
and commented upon them; man/ dozens, and perhaps by now a few hundred 
teachers have themselves taught lessons Wiich were observed and discussed by 
others* 



Finally, in the fifth place, the Project has reported as fully as 
possible to some of the most competent professional groups in the nation (and. 

In fact, also in England, Canada, Mexico, Australia, Japan, Sweden, 
Hungary, Ghana, Uganda, and the Soviet Union), often again using films to 
show exactly what the children are doing and how they are doing it* 

During the past seven years the Project has made such reports to: 
various meetings of Educational Services, Inc*; the "Learning About Learning” 
conference at Harvard;®^ the African Mathematics Ptogram of E*D*C*; a 
meeting of the American iViathematical Society at Miami, Florida; a presen- 
tation at the United States Office of Education Demonstration Center in Wash- 
ington, D*C*; meetings of the Cambridge Conference on School Mathematics; 
the Ditchley Conference in England; the conference on "Discovery Learning" 
held by the Social Science Research Council;^ a meetingof the A.E.R.A*; 
the Piaget meetings at Cornell University and at Berkeley;^ and various 
meetings of the National Council of Teachers of Mathematics in the United 
States, and of the Association of Teachers of Mathematics in England* in all 



Cf. Bruner ( 7)* 

Cf* Shulman and Keislar ( 94)* 
^ Cf* Rockcastle and Ripple ( 80 )* 




of these meetings, the emphasis has been on a dialogue obout the content or 
methodology of the Project's work. As a result the Ptoject has enjoyed a 
large amount of guidance, in addition to that provided by the staff or con* 
sultants employed by the Project. 



Perhaps the main theme of the present discussion is that the armamen- 
tarium of methodology for the advancement of education must be enlarged. 
Elaborate empirical comparisons of alternative curricula hove at best a small 
role to play — perhaps a negligible one?, There is urgent need to create a far 
wider diversity of curriculum-cum-pedagogy "experiences,” and an equally 
great need to develop more ways of conceptualizing the entire undertaking. 

The classroom lessons developed by the Madison Project, and recorded 
on film, will be made as available as possible to any who ore interested in 
pursuing this matter. These lessons hove settled virtually nothing, but they 
may help to start something worthwhile. 



V. Conclusions# Implicqtions# and Recofflfnen dqtions 



0 



a 



a 



3 
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Viewing ''curriculuin'' and "pedagogy” as two aspects of an indivisible 
the Project has been concerned with developing sequences of clostfoom 
lessons combining mothemotics and science at the level of grades K*9/ 
the major emphasis being on mathematics* The Project has further sought to 
work with various teachers and school systems in implementing this program in 
actual classrooms# 



In such a relationship^ the Project maintains its separate identity (and 
its independent goals and opinions), but the curriculum which emerges will be 
in each case c compromise between the Project and the school* 



The broad Project goal would be an elementary school organized after 
the fashion of the British “integrated day,” in which no sharp Vines of demar- 
cation separate the various subjects; there would be great diversity of multi- 
sensory experiences for the children, arranged flexibly, but in the service of 
a carefully planned cumulative “curriculum. “ 



The schools with which the Project has cooperated have necessarily 
always shared some goals with the Project, but have probably never had iden- 
tical goals* Cooperating schools have included the public schools of Weston, 
Connecticut; Scarsdale^ New York; Lexington, Massachusetts; Gree^, 

New York; Ladue, Missouri; University City^ Missouri; Elk Grove, Illinois; 
St* Louis, Missouri; Washington, D*C*; Chicago, Illinois Son Diego County, 
California; Los Angeles, California; New York City; and Philadelphia; plus 
some other public schools, and such private schools as Nerinx High Sch(^l in 
Webster Groves, Missouri, and St. Thomas Choir School In New York City* 



®^Cf* Feotherstone (35), and (36); one of the best descrip- 
tions of the Projects general vision of an "ideal” school has been 
written by Peter Shoresman of the University of Illinois, as a "pre- 
liminary working paper” of the E.D.C. -sponsored Cambridge Con- 
ference meeting at Pine AAanor Junior College in August, 1967; cf* 
also the Nuffield Mathematics Project booklet I Do *** And I Un- 
derstond, and the film of the same name* Part of the Shoresman 
essay is reproduced, with permission, os Appendix H of this report* 
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From this collaboration there have emerged a variety of different cur- 
ricula^ five of which are discussed at some length in the body of this report, 
namely: 



"Curriculum CL intended as a supplementary program for grades 
2 through 8, with the purpose of providing .a foundation for a program combin- 
ing arithmetic, algebra, geometry, and science. This curriculum is basic, 
and can be used in severely stressed urban settings* 

"Curriculum J2 " is an extension of " Ct with more arithmetic, 
more science, a greater diversity of multi-sensory experiences, and with for 
greater potential for matching the experiences to the needs of the individual 
child* 



"Curriculum " is a simplified program for children in nursery 
school, kindergarten, and grades 1 and 2* (Cf. , e*g. , Appendix E for a 
sample*) 

"Curriculum 6 " is a ninth-grade course for college prepaatory 
students* It provides a suitable continuation for students who have studied 
"modern mathematics" programs in earlier years, but it does not necessarily 
presuppose any prior background in "modern mathematics* " 

"Curriculum f " is a sophisticated program for gifted students, 
in grades 3 through 8. It can also be adapted for use with other children. It 
is distinct from programs OL, fit **^*^®® programs 

work realistically in ordinary classroom situations, including urban slums. By 
contrast, "curriculum C " appears to work successfully only when conditions 
are "just right* " The Project has been unable to determine what "just right" 
really means* This curriculum is highly suggestive, but would not be a prac- 
tical answer in most school settings. (Incidentally, "cultural deprivation" as 
usually defined at present does not seem relevant; " f " has worked sotisfac 
torily with privileged children, and also with "culturally-deprived" chil- 
dren; but it does not worl< reliably in random situations*) 



For most of these programs, actual classroom lessons have been worked 
out in relatively precise detail, and (once the lesson is perfected) it is taught 
to a new class of children, for whom it is o new lesson, and this lesson is re- 
corded on videotape with subsequent transfer to 16 mm* film, or else it is 




recorded on audiotape, usually with a two**channei recorder (in an approx!** 
mately binaural fashion)* 

These films and tapes were financed by agencies other than U«S«O.E.; 
they will be mode available to the academic community as freely as po^ible* 



The various curricula have not depended upon textbooks indeed, the 



Project's view of the ideal elementary school would not have the curriculum 
structured by a textbook series at all, but by activities selected carefully by 
the teacher* Such schools presently exist, especially in England."^ 



Although these curricula and these various lessons do not settle very 
much, they can be quite provocative* This raises some very serious consider* 
ations about appropriate means of dissemination, which will for the most part 
be considered in the "Recommendations" section of this report* 

One means of dissemination needs to be mentioned here: these ore the 
"big city" workshops, operated by the Madison Project, but in fact designed 
by Mrs* Evelyn Ccrison and Mrs* Bernice Antoine of the Chicago Public 
Schools, and subsequently modified and utilized by Dr* John Huffman, 

Dr* Jack Price, and John Gessel of San Diego County, by George Arbogast 
of the Los Angeles City Schools, by George Grossman of the New York City 
Schools, and by Karl Kalman of the Philadelphia Public Schools* A more de* 
tailed description of these workshops can be obtained by writing to the Madison 
Project, 8356 Big Bend Blvd*, Webster Groves, Miissouri 63119* 

The best way for the serious reader to comprehend these curricula and 
lessons is either to view a number of the films, or else to attend one of the 
Project's workshops* 

The "flavor" that is intended throughout is one which minimizes (in 
Schwab's words) "o rhetoric of conclusions," and which maximizes "a rhetoric 
of inquiry* " As discussed earlier in this proposal, the curricula and lessons 
seek to shift away from over-emphasis on "facts," and to put far greater em- 
phasis on such processes as measurement , making simple abstract models for 
complex real situations, conjecturing , proving, extending, explicating . 



®*Cf. D<w!s{2Q. 
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refuting^ discovering patterns/ "exploring/ ” developing probleirfsolvlng strat- 
egies/ and so on. 



This flavor is presently absent from most mathematics Instruction at the 
pre-college level, even in 1967. Yet these are natural activities of children, 
and are essential for resourceful . flexible « wise adults. We must see that know- 
ledge is not allowed to crowd out wisdom. 



Recommendations. 

A look at the successes and failures of a program as old and as large as 
the present one is ipso focto a look at a sizeable portion of contemporary ed- 
ucation in the United States. Thus, the successes and failures of the Project, 
while not extremely important in themselves, acquire great importance as gen- 
eral problems of our educational system. The reader is asked to forget the 
specific instance of the A/\adison Project, and to think of nearly any educa- 
tional problem which presently needs solution — conceivably, for example, 
teaching Americans facility in a second language, or teaching a deeper un- 
derstanding of our society to a larger proportion of our citizens. 



Creating the Innovation. The "ideal” school of the "Progressive educa- 
tors" looked amazingly similar to the "ideal" school of many of today's cur- 
riculum innovators, boih imagined children working freely, in groups, at 
self-selected toslcs from which they were learning about themselves, their phys- 
ical environment, their social environment, and their cultural heritage. One 
striking difference appears when we look at how these innovative programs 
were to be created. iVogressive education usually implicitly assumed that a 



Incidentally, it should become clear that "Progressive 
education" and recent "curriculum reform" have a great deal in 
common, and are becoming more alike with each passing year. 
Consequently, in what follows, it is useful to ask: how is this 
different from "Progressive education"? 
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bright, creative teacher with a general education — six credits of college 
mathematics, three credits of chemistry, three credits of economics, no indus- 
trial design^ and no pediatrics nursing could work together with a class of ten- 
year-olds (who would be junior colleagues rather than students) to build (say) 
a miniature sulphuric acid factory, and thisreby learn about themselves, their 
riiltiirA. itc tArhnnlonv. the nqture of ccooerative human ventures# etc* 



By contrast, the curriculum evolution movement of the 1950*s ond 1960*s 
made entirely different assumptions about how an innovative curriculum unit 
can be created* A specialist with doctoral-level competence in the relevant 
subject area might work, more-or-less full time, for as long as two or three 
years designing an appropriate classroom unit* 



This is the difference between a DC-3 and a 727* 



ivAany of the units developed by today’s curriculum innovators would, 
one hopes, have been acclaimed cs triumphs by Colonel Parker or by John and 
Evelyn Dewey* But the effort that goes into designing them is orders-of-mag- 
nitude greater* 

While the creation of further curriculum-lesson experiences is still nec- 
essary — indeed, it is a sine qua non of further real progress — it is reasonable 



As one example, in a unit on gases that was in the pre- 
liminary stages of development at the Cambridge Conference meet- 
ing in the summer of 1967, questions arose about comparing oxy- 
gen, helium, air, and ccrbon dioxide* One question dealt with 
the ability of oxygen to make a candle burn more brightly, but 
it was not an easy task to be sure that the candle was burning 
more brightly* How, then, to measure the brightness of a candi? 
flame? Another task involved filling balloons with C 03 , vs* 
filling them with air, dropping them simultaneously, and seeing 
if one fell faster than the other* This involved some rather com- 
plex questions of aerodynamics, plus the possible use of statistical 
methods to confirm the reliabil ity of this test* It also turned out — 
unexpectedly — that Co^ -filled balloons deflated faster than air 
filled balloons* Any reasonable child is going to ask "why?" All 
right — why? 
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to look at the results of various projects and individuals (but, interestingly 
enough, not of commercial firms) and to conclude that progress probably will 
be made» In sonjewhat ovorsimplified terms, if the “creation of innovations" 
problem is not solved, it is on the way to lacing solved* 



Dissemination* Once an innovative curriculum unit or lesson has been 
created, it requires dissemination* An earlier age would have utilized text- 
books for this purpose, but the spirit of many contemporary programs appears 
to be irreconcilable with standard textbook series* The "ideal" school would 
contain many pamphlets, books, workbooks, problem sheets, assignment cards, 
etc*, but would de-emphasize (or completely abandon) any basic textbook, at 
least for grades K-6* 

Four alternative dissemination schemes deserve considerations 

i) The "each-one-teach-one" approach* This is used, for example, 
in the Madison Project*s intensive two-week workshops, after-school in-service 
courses, and Saturday in-service courses, although the actual ratio is more 
likely a two-man team teaching a class of thirty participants, and not "one" 
to "one." 



ii) Recording actual classroom lessons on film* The purpose of these 
films is not to teach children, but rather to show a teacher how to conduct 
the lesson in question. 

One can imagine a teachers' preparation room with a cartridge 
projector (such as the Fairchild Mark IV) and a stack of cartridges, where 
teachers could stucfy a lesson before attempting to teach it — but we have yet 
to see such a facility in actual operation* 



Here it is important to note that Harvard University re- 
cently awarded a doctorate (to Marion Walter) for the creation 
of a significant curriculum unit — on which she worked for 
three years* This form of doctoral thesis needs to be consid- 
ered by other universities, as well* 
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iii) The English Nuffield Mathematics Project, led by Geoffrey 
Matthews, is in fact a non-textbook program of the type which the Madison 
Project favors. The Nuffield Project does prepare books for teachers, but not 
for students (again, we ore speaking of grades K-6 or so). Instead, the Nuffield 
Project approaches the dissemination problem by creating ’’teocher study and 
preparation centers," located in school buildings dispersed geographically over 

LI A ML«<i*re 

England, me rypicai "cenrer conroins « scuimui luum, vwhiiwmwwiv 
facilities for mJcing tea, and a room filled with appropriate sample curriculum 
materials, teacher reference books, etc. 



In our own case, were the Madison Project able to design the 
"ideal" cer^ter of this type, we would take pains to make the process of relating 
mathematics to science, carpentry, etc, , as simple as possible, and our ideal 
center would probably contain marine tools (such as drill presses, power saws, 
etc,), laboratory equipment (Bunsen burners, glassware, sinks and water taps, 
some chemicals, etc,), along with such obvious things as books and reports. 

It would (speaking still of the "ideal" Madison Project version) contain car** 
tridge projectors and film cartridges showing actual lessons, perhaps a com- 
puter terminal, possibly a teletype machine connected too central computer 
as in Patrick Suppes* program, and it would also include a professional staff , 
consisting perhaps of a machinist-glass blower type of person (of the kind the 
Elementary Science Study of E, D,C. puts to conspicuously good use), a pro- 
fessional in the area of science, mathematics, and teaching, and possibly 
such other people os: interns, graduate students, student teachers, parapro* 
fessioncls, classroom teachers, parents, and clerical assistants. 



Teachers might visit centers individually or in groups, they might 
reserve a regular time each evening (as is done in allocating facilities at bowl- 
ing alleys, public picnic grounds, etc*), they might arrange for specific lectures 
by designated experts, they might merely browse, they might build a specific 
piece of apparatus to take back to their own schools, they might check out 
equipment as one ched<$ books out of a library, etc. 

It may be argued that such institutions already exist in America. 

We hove yet to see one. The center described here would be informal, friendly, 
creative, flexible, responsive to teacher-initictsd suggestions, adequately 
equipped (and expecting its equipment to be used, sometimes lost, sometimes 
broken ~ contingencies it would be able to take in stride, without trauma), 
in close contact with curriculum innovation projects, and so on, Perhops most 
conspicuously, it would combine some profundity of knowledge with creativity 
and a determii ^d sense of mission. 
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iv) The Madison Projert's “ideaP* elementary school^ while by no 
means a well-formed design at present, is probably most adequately described 
by Peter Shoresman, in a working paper of the 1967 Cambridge Conference, 
part of which is reproduced here in Appendix H, One key feature would be 
that the sequence of activities would 02! ^® structured by a textbook 
It seems to the Project that contemporary use of textbook series puts rigidity 
in exactly the wrong place, and makes it virtually impossible for the tsac..er 
to deal with individual children as individuals, or to make the best of instruc- 
tional opportunities* 

Where would the structure of the program come from? A combi 
notion of sources; actual teacher expertise, from handbooks which would 
serve the teacher in much the same way that books on "Current Perspectives 
in Gastroenterology," “Research and Clinical Studives in Headache, or Cal- 
cium Metabolism and Bone Disease” serve physicians, from curriculum units, 
films of sample lessons, and other devices suggested earlier — and probably 
also from some specific institutions designed to provide assistance to teachers 
and to schools, in somev/hat the way that the Madison Project has attempted 
to do for the past seven years or so* 



The Madison Project as a Prototype Institution^ the Piroblem of the “Old" 
Innovation* The /vbdison Project began essentially as a curriculum i^ovotion 
project, and also to provide certain consulting services to schools* Over 
approximately the past decade its role has shifted; it has come to do lew 
original creation of curriculum innovations, and to involve itself more hewily 
in providing services to schools* That it could undertake to operate workshops 
for literally thousands of teachers in school systems the size of New York City, 
Chicago, and Los Angeles is an indication of how heavily it has become in- 
volved in providing services to schools* 

Conducting workshops is not the only such service; the Project also 
assists in planning curriculum and instruction, and has helped to create a col- 
lege undergraduate program for the education of specialist teachers in elemen- 
tary school mathematics (at Webster College), and a corresponding Master s 
Degree program (also at Webster College) whereby practicing elementary 
school teachers may become mathematics specialists* 

In order to provide these services, it has been necessary to go beyond 
curriculum innovations which the Madison FVoject could create, and to 
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“cssemble" curricula from a variety of sources. 



In doing this the Project has come to play a variety of roles which sim- 
ilar projects also play to varying degrees^ buf which are not yovided for in 
the usuoi roster of educotionol institutions and facilities. This iS/^-fo r the next 
fAw dAcades. orobablv the most sianificanfr fact of the entire “curri culum evo- 
lution” movement. 

From among the entire array of curriculum innovation projects that have 
overlapped the present area of concern, at this point of time it appears that 
only three have achieved the stability of viable continuing orgenizotionss the 
MINNEMAST Project under James Werntz, E,D.C. (formerly E. S. I.) inNewton 
(and Watertown), Massachusetts; and the U# I.C.S.M. -PLATO-CIRCE group 
at Urbana, Illinois, These last two have surely been the two most important 
organizations in the field, and are about the two oldest. 

What should the attributes and activities of a curriculum innovation or- 
ganization be? 

i) Presumably it would develop new curriculum units (probably in 
the sense of curriculum-combined-witb-pedagogy, i.e,, in the sense of devel- 
oping octual classroom lessons by extended preliminary trials in actual class- 

rooms);^2 



9®Cf. Koerner (63), 

Some of these attributes are taken from an impressive list 
made by James Werntz for the 1967 Cambridge Conference meeting 
at PineMancr; others have been suggested by Jack Easley of UlCSM. 

^ This is quite different from the "writing group" approach 
in which the point of intervention is the textbook rather than the 
actual classroom lesson; also, in the "classroom" approach actual 
children are present and help to form the curriculum units, whereas 
in the "writing group" approach materials are prepared in advance, 
and possibly submitted for clossroom trials after they have been 
written. 



ii) It would operate (os the Madison IVoject has done with its °'big 
cities'* program) a kind of small-scale sp<ecialized "national teacher corps" — 
for the purposes of conducting workshops/ etc*/ it would be able to mobilize 
dozens of genuinely superior teachers who would possess specialized experi- 
ence in the relevant oreas of innovation, and would be experienced also in 
conducting precisely this sort of workshop (which may involve uses of closed- 
circuit TV, etc.); 

iii) It would go beyond the boundaries of its own creations, and as- 
semble a larger variety of relevant lessons than any single project can create, 
by making arrangements with other projects, etc* In assembling a "composite" 
program of this sort, the "neutral" organization (i*e*, one which does not 
create any of its own original materials) is, for some reason, at a marked dis- 
advantage vis-a-vis the "ccmmitted" organization which actively develops 

its own curriculum materials. The assumption that "neutral" organizations 
can "combine the best" from the several innovative organizations is contra- 
dicted by actual experience* One of the "innovative" groups is better able 
to engineer a synthesis of several programs* 

iv) It would operate workshops for schools, and some, at least, of 
these "curriculum innovation organizations" would be prepared to do this on 

a very large scale; one is not talking here about a "workshop" to be attended 
by thirty-five participant? from a school system (although these ore valuable in 
the case of small school systems) — for larger cities, one is talking about a 
workshop for six hundred participants, and even larger ones may exist in the 
future* At present no major university operates such a program (although sev- 
eral of them are possibly preparing to do so). 

v) It would provide opportunities for significant contributions — in 
the form of doctoral theses or otherwise — by university graduate students, and 
would thereby go ^ar toward reinstating curriculum and instruction as two of 
the foundations of education (a position from which they had earlier been un- 
justly — or, at least, prematurely — deposed by history, sociology, and psy- 
chology). 

vi) In order to have any real effect, it would involve itself deeply in 
the undergraduate education of prospective elementary teachers or elementary 
school specialists, perhaps involving a unified offering in the area of mathe- 
matical content, "methods, " and supervised teaching e)g3eriences. 

vii) It is already clear that idealistic curriculum innovation projects 



can pursue elegance and ingenuity in such a way as to allow themselves to^ 
lose virtually all contact with the quite realistically grim and sordid situations 
of many of our schools* 

The schools, on their side, are often willing to live for far too 
long with situations which they should, indeed, reject os intolerable* 

One solution to this problem, which E. D. C. is already beginning 
to utilize, is for the innovative organizotion to assume the actual respon si- 
bility for designing and operating one or more schools* This pattern could be 
mutually advantageous to everyone involved. 



The curriculum evolution efforts of the 1950*s and 1960*s consequently 
seem to show two outstanding facts: 

i) The effort has not quite been great enough, ncr sustained long 
enough; just when schools and colleges are becoming fully ready to reach out 
and take advantage of innovations, the innovative organizations themselves 
are beginning to disappear* Effective innovation is not a "package” which is 
"produced" and "consumed"; it is more like dentistry, depending upon some- 
one who desires a service matching up with someone who can provide it; spe- 
cifically, a school or college seeking help in effecting an innovation must 
come into contact with an innovative organization that is able to provide such 
help. Furthermore, both organizations must command the necessory resources 
in moterials, space, personnel , and so forth, to get the job done* Probably 
this is g continuing need that will not disappear in the foreseeable future. 



ii) One Is confronted, in effect, by a jigsaw-puzzle type of situa- 
tion, in which the road to progress almost certainly depends upon fitting ^ 
together a number of separate pieces* For example, if "curriculum creation 
centers" on the Nuffield plan ore to be developed (cf. Featherstone (34), 
p* 15), where teachers could themselves participate in the creation of new 
teaching materials, these centers could be related to a college that educates 



93 Cf*, for example. Smith and Geoffrey (97), and also The 
Notionai Observer (104), p* 1. 
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teachers (ond would relate both to the undergraduate program of the college, 
and also to “research" interests of college faculty), they should probably also 
be related to an innovative project (such as U.L C.S.M., the Madison Proj- 
ect, E.D.C., etc*, for a source of further ideas, personnel, and broader con- 
tacts), and they would be specifically related to one or more school systems 
(where they would serve most directly to introduce new curriculum-and-peda- 
gogy ideas to teachers and curriculum planners). 

Various universities already have, or are now aeating, “Ph.D. 
in College Teaching" programs, or other similar programs. Theses in such pro- 
grams often can include actual “curriculum innovation contributiens," end 
are not restricted to “behavioural science" theses. (The obvious analogy is to 
the acceptance of either a creation — a play, novel, etc. — or else a 
"scholarly study " — say, of the quarto editions of Shakespeare — os suitable 
theses.) Theses of both types might be done in relation to the Nuffield-type 
"centers," thereby helping to meet the needs of the centers, and at the same 
time meeting needs of the doctoral programs. Such pieces have not fitted 
together well in the recent past, but there is every reason to bel ieve that they 
could be arranged so that they would fit together in a mutually helpful way. 
Accomplishing this would provide a major step forward* 



VI# Summary 



Over the past decade the United States has seen several approaches to 
the improvement of the school program in science and in mathematics • The 
present effort has dealt with a small amount of science, but mainly with math- 
ematics; the actual grade levels of the students have ranged from nursery 
school through grade 10, with the major focus on grades 2-7 or thereabouts. 
The material content — as distinct from the children — has included matrix 
algebra, statistics, geometry, logic, mechanics, and other topics, and there- 
fore the content may be regarded as relevant also to older students (indeed, 
portions of this same program hove been used at the college undergraduate 
level and in a AAaster of Arts in Teaching degree program, as well as In the 
in-service education of teachers). 



The program developed has two important characteristics: 



First, it operates at the level of actual classroom experiences of 
children, as distinct from, say, the level of preparing textbooks. Indeed, 
the program is not based upon textbooks: it is a “non-text program" of the 
type often seen in England (cf. Featherstone (3^). 

From this point of view, the task of the Project has been to work 
with teachers in developing suitable classroom experiences for children, to 
train additional teachers in the use of these lessons, to test the appropriate- 
ness of the lessons, and to propagate the program more widely by operating 
workshops for other teachers, and also by recording typical lessons on film. 
This film program was supported by the Course Content Improvement section 
of the National Science Foundation, and the major workshops have been sup- 
ported either by school systems or else by the Cooperative College-School 
Science Inrogram of N.S .F. 



The verification of the suitability of these lessons has been 
carried out through careful observation by mathematicians, teachers, admin- 
istrators, and clinical psychologists; by "viability" testing in the hands of a 
variety of teachers of varying qualifications, and with a wide variety of stu- 
dents; by confirmation of appropriateness through viewing of films by rele- 
vant panels of professionals; by tape-recording lessons by a variety of 
teachers and allowing a panel to study these recordings; by following the 
same students for up to five years in the program in order to observe cumula- 
tive effects; end by tepe— recorded snte— r'lews cf students conducted o 
clinical psychologist. 
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Second, the progrom is o suppiementary program designed to allow 
schools to make certain specific modifications in their school mothemotics pro- 
grams, namely: 

i) to provide a foundation for developing a K-8 program that 
unifies orithmetic, algebra, geometry, and some science; 

ii) to shift the "tone” or "emphasis" of a school program away 
from a "rhetoric of conclusions" and toward a "process" approach; 

iii) to move toward a greater use of physical materials and 
mull i*sensory experiences in mathematics classes; 

iv) to create greater opportunities for small -group work and 
individualized instruction; 

v) to utilize a specific teaching strategy that is based upon a 
"do something., .then discuss it" approach, sometimes also preceded by a 
period of exploration or "free play"; this is in contrast to the more usual 
verbal approaches that are based upon using the English language to tel 1 stu- 
dents what to do, and to tell them how to do it; 

vi) to create a more receptive environment for student initia- 
tive, especially where unexpected (but correct) responses are made by students; 

vii) to open the door to a re -consideration of the grade-level 
placement of many topics; 

viii) to open the door to a non-graded program; 

ix) to make available the simplest possible program for students 
who are not experiencing success with mathematics; 

x) to make available a more sophisticated and more advanced 
mathemotics program for those students who can benefit from it. 



These may, or may not, be objectives of a given school system; but if 
they are, the Project program represents a modest step in these various 




directions; the filiro exist and are available; the Project has a group of 
experienced teachers who can conduct workshops for teachers; and •• thanks 
to the films showing actual classroom lessons — teachers, supervisors, curric- 
ulum planners, etc*, can view these films and decide upon the relevance of 
the program to their needs. 



Looking more closely at the Project’s work over the past decade, there 
are in fact a number of distinguishable "programs” that can be identified. 
Five are d'^scussed in the main body of the present report • They might be 
described very briefly as: 

"Curriculum Of A basic curriculum, primarily for grades 2-8 
(although use with older students is feosible), intended to provide the basic 
lessons necessary to begin to unify arithmetic with olgebra, geometry, and 
physical science; 

"Curriculum /)": This is an "assembled" curriculum, consisting 
of original Madison Piroject lessons (actually, "Curriculum OC") combined 
with lessons developed by other Projects and individuals, especially by 
Marion Walter, by Lauren V'/oodby, by Leonard Sealey, by Z* F . Dienes, by 
Edith Biggs, by the Elementary Science Study of E.D.C., and by the English 
Nuffield Mathematics Project directed by Jeffrey Matthews. It differs 
from "Curriculum 0(” in that "Curriculum /J" places greater emphasis on 
arithmetic, greater emphasis on science, involves a variety of approaches to 
geometry, makes more use of physical materials, and is designed for more 
emphasr: in small -igroup work and individualized instruction. 

"Curriculum Y *'• A simplified curriculum for nursery school, 
kindergarten, and grades one and two. (For some idea of this curriculum, 
cf • Appendix E to this report.) 

"Curriculum 6 "i A ninth^grade course for college-capable 
students. (For a complete description of this course, see Davis (22),) 



^^For information, contact The Madison Project, 8356 
Big Bend Bivd., Webster Groves, Missouri 63119. (Telephone; 
Area Code 314, WO 2-0440.) 
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"Curriculum € A "sophisticated” program for grades 3-8, that 
has been used successfully with "culturally privileged” children and with 
"culturally deprived” children — hence "cultural deprivation" as usually 
estimated does not seem crucial . However, this program lacks "stability": 
it works successfully for some teachers, for some classes, and in some schools* 
More frequently it does not work successfully. The Project has been unable to 
determine the crucial differences between situations where this program works 
well, as against those where it does not. 



It should be emphasized that Curricula OC, p, and / are intended 
for all children, and hove been tested with a wide variety of children. 
Curriculum 0 ninth-grade course) is for college-capable children, ^ 
whether or not they have had "modern mathematics” in grades K— 8 (and it 
has b@6n tested with both 9 roups)« Curriculum C is for children who do well 
in "discovering mathematics" — these are jiot always children who were pre- 
viously doing well in school, and there is no decisive relation to urban vs* 
suburban children, or "deprived” vs. "privileged," as usually determined . 



Besides developing and propagating actual classroom experiences, as 
discussed above, the Project has also attempted to articulate c (rather primi- 
tive) "theory of instruction," or a set of "practitioner's maxims," of which 
possibly the most important is the teaching strategy of "doing something, and 
then discussing the experience afterwards." Examples are given in the present 
report, and can be viewed on the films. This teaching strategy is not com- 
monly used in traditional mathematics teaching • 

Where necessary, this "do . . . then discuss" strategy is preceded by a 
period of exploration or "free play." Games, and various other tasks, may 
also be used to provide subsequent practice* 



This strategy for teaching, possibly alongside the Project's decision pro 
cedures for selecting and shaping curriculum experiences, may represent the 
Project's most important contribution. These are, however, genuinely "prac- 
titioner's maxims" (in the sense of Polanyi ( 77jl)} they are not scientific gen- 
eralizations, and would be largely vacuous and inane were it not for the ^ 
large body of instances that hove been created which serve to iliustrate tneir 
meaning in terms of actual use. (Cf . Devis (21), (24), and (29),) 
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In addition to Its work In schools, the Project has assisted in developing 
an undergraduate college program, at Webster College, that is intended to 
educate elementary school mathematics specialists, and has assisted in devel* 
oping a Master of Arts in Teaching program (also at Webster College) that 
serves the same purpose for those who are presently elementary school teachers 

a. JL O'? 



or uuminiSifurOfS* 



^^Cf. Davis (28). 
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Appendix A 

Some Studies of the Effectiveness of lAadison Project Materials. 



A large variety of different methods have been used in studying diverse 

. r ».Uo \/nrir-viic nrofntvne leSSOHS and IeS*“ 
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son sequences. Some of these have been discussed within the body of this re- 
port, The present Appendix reviews some of these and introduces others. 



The conventional wisdom of education often seems to repeat "Evaluate, 
evaluate" until the discussion begins to sound like a chorus by Tom Lehrer. 

The very act of repetition of a slogan with seemingly little question must it- 
self raise a question. Indeed, there is enough unquestioning faith in the con 
ceptualization of education as a "before" and "after" subject which somehow 
changes the student, in the possibility of an explicit statement of something 
called "goals" or "objectives," in the possibility and desirability of measure- 
ment, and in the value of something believed to resemble the "generaliza- 
tions" of mathematics (or the quite different "generalizations" of physics) that 
one is compelled to ask why these notions are, indeed, accepted with so little 
scrutiny. Writing on a different but related subject, the eminent French an- 
thropologist Claude L^vi-Strauss has contrasted "magical thought" with "sci- 
entific thinking": 



This preoccupation with exhaustive observation 
(of plants and animals, as undertaken by allegedly 
"primitive" peoples] and the systematic cataloguing 
of relations and connections can sometimes lead to 
scientifically valid results. The Blackfoot Indians 
for instance were able to prognosticate the approach 
of spring by the state of development of the foetus of 
bison which they took from the uterus of females killed 
in hunting. These successes cannot of course be iso- 
lated from the numerous other associations of the same 
kind which science condemns as illusory. It may how- 
ever be the case that magical thought, that 'gigantic 
variation on the theme of the principle of Causality 
as Hubert and Mauss called it (R, Hubert and M. Mauss, 
"Esquisse d'une theorie generate de la magie," 

L* Annee Sociologique, Vol, VII, 1902-3; reprinted 
in M. Mauss, Sociologie et Anthropologie, Paris, 
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1950, p. 61), can be distinguished from science not 
so much by any ignorance or contempt of determinism 
but by a more imperious and uncompromising demand 
for it which can at the most be regarded as unreason- 
able and precipitate from the scientific point of view. 



Seen in this way, the first difference between 
magic and science is therefore that magic postulates 
a complete and all-embracing determinism. Science, 
on the other hand, is based on a distinction between 
levels; only some of these admit forms of determin- 
ism; on others the same forms of d^ ' Yrntnism are held 
not to apply. One can go further and think of the 
rigorous precision of magical thought and ritual prac- 
tices as an expression of the unconscious apprehen- 
sion of the truth of determinism, the mode in which 
scientific phenomena exist. In this view, the op- 
erations of determinism are divined and made use of 
in an all-embracing fashion before being known and 
properly applied, and magical rites and beliefs 
appear as sc many expressions of an act of faith in 
a science yet to be born,^^ 

This passage is extremely suggestive for the study of education, and 
might reasonably serve — alongside many parallel remarks of other authors — 
to raise questions concerning the best way to understand education and to im- 
prove it. Who is being "scientific,” and who is being "magical"? Is the 
wisdom of the artist-practitioner to be dismissed as "mere folk-lore," when so 
large a part of human society is so clearly based upon the valid portions of 
folk-lore, and still bedeviled by contamination from the non-valid portions? 

In any event, the conventional wisdom of educational research has not 
proved especially advantageous to most curriculum projects of the past decade 



^^From: The Savage Mind by Claude Levi-Strauss 
(66)/ pp. 10-11 . Reprinted by permission of the publisher. 
University of Chicago Press. 



and the Madison Project is no exception. The Project's own view is that, 
much as winter follows summer and is in turn followed by another summer, 
there are times when an approximate statement of goals will serve to clarify 
purposes and improve communications. Such times are followed by an era of 
activity and changes in which the actual goals are not fully articulated and 
only dimly perceived. These times give way to yet other times, when a new 

cfrifamonf nf rlocifnl-^lo Thic ic 
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not the view of the conventional wisdom. 



At the present time (October, 1967), the Madison Project materials can 
be used to serve at least these goals ■— although not all of them at the same 
time, and only by selecting properly from the Project's armamentarium: 

i) building an improved understanding of certain commonplace topics 
in arithmetic, such as place-value numerals, algorithms, fractions, etc,; 

ii) arousing an interest in school (or in mathematics) among children 
(and, for that matter, teachers) who have not lately exhibited c very lively 
involvement or an eager enthusiasm (this includes elementary education majors 
who believe they hate mathematics, etc,); 

iii) providing a basic foundation for unifying arithmetic, algebra, and 
geometry in grades 2 through 9, or so; 

iv) providing a basic foundation for relating mathematics to science 
(and even to such subjects as history and music, or so); 

v) providing a program to allow more talented children to move ahead 
more quickly in mathematics; 

vi) providing materials and ideas which enable teachers to change 
their mathematics classes from a textbook-dominated approach to a more flex- 
ible "mathematics laboratory" approach, including small -group work and in- 
dividualization of instruction. 

In point of fact considerable data has been gathered testifying to the 
proposition that properly-educated teachers, using a proper selection of Proj- 
ect materials, can achieve any one of the goals listed above. Each is known 
to be possible because each has been accomplished. 

It is not a matter for elaborate "science" to "prove" such a possibility. 



Each has been done, and the order of magnitude of the outcomes have been 
large enough that one no more needs subtle tneasures in this case than one does 
to determine that a house has burned to the ground. The data are unmistak- 
ably evident. 

Before considering some of the studies of the effectiveness of Project 
materials, it is worth opposing the Project's own position against the “cor.ven= 
tional wisdom. " The Project would argue that, where "evaluation" is in fact 
a matter of values, it is not "objective" (in the sense of not involving values), 
and it is not in fact a matter of common agreement. Parents, teachers, admin- 
istrators, critics of the schools, and children themselves do not agree, when 
they have bona fide choices presented to them as alternatives. Furthermore, 
rather than gathering all possible data — much of which will merely increase 
the already excessive homeostatic effect of education — one should gather 
only such data as is actually relevant to a possible decision, and only when 
the cost of obtaining the data does not exceed its value. (It should also be 
realized that the “costs” of collecting data are much more than merely matters 
of money; they include effects on schedules, morale, perceptions of autonomy, 
interference with the integrity of curriculum planning, and other important 
matters. ) 

We now look at some of the kinds of data that have been collected and 
used in various ways. The main hope is thot various investigators will b^ 
m oved to study some of these matters in greater detail in the future. 

(One question that deserves more thought than it has received is 
has what kinds of responsibility for studying the effectiveness of innovations. 

It would seem that reports by the innovators themselves are subject to possible 
conflicts of interest. On the other hand, reports by "disinterested" parties 
have many weaknesses, including the fact that such parties usually are not 
actually disinterested, that they may not understand the goals of the innova- 
tion or the proper methods of employing it, and that they are not usually able 
to utilize the innovation, but only their own adaptation of the innovation. 
When one considers how difficult it is to settle such questions as the safety 
value of automobile seat belts, the danger of cigarette smoking, or the harm- 
fulness of marijuana — each of which is far simpler than the subtle matters of 
education — it would be exceedingly naive to imagine that there can exist 
a simple empirical method for selecting educational curricula or instructional 
procedures in a truly wise fashion. Certainly, if genuine alternatives ^n_^ e 
made available, it will be a matter of protracted controversy and agonizing 
re-appraisals that will inevitably be involved in making a genuine choice. 
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Moreover, there is no reason to believe that all parents will make the same 
choice. Indeed, there is every reason to doubt it. It must further be realized 
that education is probably far more a matter of i nspiration and the imparting 
of values than it is of "achievement levels" in narrowly-defined content 
areas.) 



1. The most formal study made was conducted for the Project by J. Robert 
Cleary of Educational Testing Services. VVe reproduce the Cleary report 



97 It should be noted that the curriculum involved in the 
Cleary study was the sophisticated (but unstable) curriculum 
designated as "Curriculum C.” Cf. Appendix G, and the main 
body of the report. 
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BACKGROUND 



From the beginning of the Madison Project, there have been discussions 
about evaluation, in one sense, all of the elements which make the Madison 
Project unique (pre-service teacher training, in-service training, demonstra- 
tion teaching, the logistics of pilot schools, and materials preparation) were 

i .11 .1 rw; ^ 1 nr \A/orA rl0\/©lnn©d “"** tn6 con** 

evaiuarea oy me uirectoi unu nu|^ui oimFi 

stant revision and critical appraisal of k indescopes and films, and the panel 
to review teachers* taped lessons, to mention only two* 



Viewed within the scope of the entire project, it is not surprising that 
measurement of student behavior was a later consideration. It required that 
mathematical experiences related to the Project be provided and that they 
exist as a vital part of the program of several schools, before any effort at 
measurement of student behavior could take place. 



As these programs began to take shape and as we discussed beginning 
plans for measurement, uppermost, in our minds was the principle that whatever 
we did in this phase of Project activity should be done consistent with the 
spirit and broad purpose of the Madison Project. 

This is easier to say than to accomplish. In addition to the usual prob- 
lems which face those measuring new curricula, special features of^the Project 
introduced special problems. Even the usual ones took on special "twists” as 
we viewed them in the light of Project spirit and purpose. 

As further background information, the following statements are presented 
in an effort to describe the problems as viewed by the Director and this con- 
sultant. These concerns also suggest guidelines as we begin to contend with 
problems in this phase of Project activity: 

(1) The purpose of measurement is not to assign value to the Project 
in relation to something else. Since the Project is a one-day-a- 
week program, it is not designed to compete with or supplant 

other programs. 

(2) The traditional distinction between measurement and evaluation 
is even more necessary than usual in beginning this phase of 
activity. Because of above and other considerations, "evalu- 
ation of* the Madison Project is inappropriate. 



(3) If "evaluation of * the Project is inappropriate at this stage, so 
also Is the term “evaluation in '* the Project for although the pro- 
grams now seem to be “going" ones in several of the schools, ade- 
quate means for assessing all of the important dimensions of the 
Project have not been fully developed. It is doubtful that we will 
ever find suitable techniques for some of these dimensions, 

(4) Unlike some other programs, content in the Project is viewed as 
arbitrary, "Content, “ however, must be used as a vehicle even 
when " process" is the focus of measurement, 

(5) Due to considerations in ^4 and others related to methodology of 
the Project, we have approached activity in this phase with ambiv- 
alence. Content has a way of "upstaging” the reason for it. To 
those who are close to the Project, content is instrumental, but 

for others it may soon be treated in as pedantic a manner as any 
other. In particular, we have been concerned that the paper and 
pencil test. If and when It Is used, not work at cross purposes 
with the Project by suggesting to anyone that what Is covered in 
the test is the Madison Project, 

(6) The paper and pencil test cannot be representative of what the 
Project is for at least two reasons: First, any set of Items appear- 
ing in the test is only a sample of an almost unlimited number of 
items from which these were drawn; second/ and more importantly, 
the paper and pencil test is helpful in measuring only a small seg- 
ment cf Project concern. By far the largest segment and most di- 
mensions remain stubbornly resistant to objective measurement. 
Other techniques will be necessary. 



PURPOSE AND RATIONALE 



The previous section of this report is far too elaborate a one for the re- 
port of this very small pilot project in measurement. However, it was con- 
sidered necessary to place it in proper prospective as well as to take this 
opportunity to state more formally the guidelines we have developed in discus- 
sion over time. 

In light of the previous section, then, it was decided that this first, 
small, formal attempt at measurement be entirely a problem of "description" 
not "evaluation," 
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More specifically, it would be a small scale effort to describe how ^ 
Madison Project students operated on fairly difficult material^ of both tradi- 
tional and more contemporary content but with the more traditional^ notation. 
By using content from other sources expressed in notation different in degree 
from that used in the Madison Project, we avoided the problem discussed in 
^'5 and above, and at the time we thought we could gain some insight into 
the side effects of the Project on more traditional tasks. 

The investigator views this pilot study as 

(1) More illustrative and suggestive than definitive 

(2) More for the purpose of planning the future than for documenting 
the past 

(3) More for clarification than for enlightenment. 



PROCEDURE 

With the kind cooperation of Dr. Roger Lennon, Director of the Test 
Division of Harcourt, Brace and Wcrid, Inc., this investigation was able to 
obtain the pretest statistics on approximately 400 items from the pre-publica- 
tion forms of the new mathematics test of the Stanford Achievement High 
School Test Battery. 

Forty “five items of this array were chosen by attention to their rele 
vance to the Madison Project and the item statistics from the pretest. A cal- 
culated guess was made that seventh grade Madison Project students would per- 
form as well as a sample of ninth grade students taking some variety of modern 
math in schools similar to Madison Project pilot schools chosen for this study, 
and items were chosen from this sample of pretest data supplied by Harcourt, 
Brace and World, Inc., so as to yield an average item difficulty of 50-60 /o. 

Two Project schools, Weston, Connecticut and Clayton, Missouri, and 
a third school in Wilton, Connecticut, similar to the Project schools but not 
i-sing the Madison Project, participated in this study. One class of sevent 
grade students in each of these schools were tested. All three schools were 
judged to have approximately equal characteristics, such as socio-economic 
background, parent educational and professional level, staff and facilities, 
and student ability. (Another study, not reported here, established that there 
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were no significant differences in intelligence test scores*) 

Items were assembled by topic and organized into a test with a separate 
answer sheet provided and administered in each of the participating schools 
by Project staff members v/i thin a three-week period in the spring of 1964, 
Test scorir^g and the following test analysis was completed by this consultant. 



ANALYSIS 



For the purpose of presentation of the results of this report, an attempt 
has been made to organize the data and interpretation into parts concerned 
with the test, the schools, and the items. Some overlap in presentation, how- 
ever, is unavoidable. 

The Test Analysi s 

Ample working time was given by the examiners to insure that the test 
would be a work limit measure rather than a speeded test. An hour was pro- 
vided for administration and working time. 87% of the students completed 
the entire test, although omitting responses on difficult items rather than 
guessing these answers. 

Table 1, Page A-1 ], reports the distributions of raw scores fer the three 
schools. Table 2, Page A-12, presents the combined distributions. Referring 
to these two tables indicates that our estimates of the difficulty of the items 
for this group was correct. The mean score of the combined distribution is 
25.53. This mean is 57% of the total raw score. Inspection of the raw score 
distributions and reference to the standard deviation, demonstrate that the 
dispersion of the group is excellent affording nearly optimum discriminating 
power for the group tested. 

In addition, no student approached a perfect score and only 3 students 
of the 77 tested show no evidence of recording knowledge on the test — less 
than 4% of the group (this figure resulted from using the formula 

(A-l) and the chance score as ^ , where 

S = Standard deviation of the chance scores 
c 
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TABLE 1 

DISTRIBUTIONS 



RAW SCORE 

42-45 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 

10 



SCHOOL A 



1 



1 

1 

1 

3 

1 

1 

1 

3 

1 

1 

3 

2 

2 

1 

2 



SCHOOL B 



1 

1 



1 

1 



2 

3 

1 

1 

1 

2 

3 

1 

1 



3 



1 

1 



1 



SCHOOL C 



1 



1 

1 

2 

2 

2 

3 

3 

1 

5 

2 

1 

2 

1 
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TABLE 2 

COMBINED DISTRIBUTION 




R» 



f 

n 



Schools A. C 



RAW SCORE f X 



41 


1 


41 


40 


1 


40 


39 


38 


1 


38 


37 


1 


37 


36 


35 


2 


70 


34 


2 


68 


33 


1 


33 


32 


3 


96 


31 


1 


31 


30 


4 


120 


29 


4 


116 


28 


4 


112 


27 


6 


162 


26 


4 


104 


25 


6 


150 


24 


9 


216 


23 


4 


92 


22 


5 


no 


21 


5 


105 


20 


2 


40 


19 


4 


76 


18 


3 


54 


17 


1 


17 


16 


15 


1 


15 


14 


13 


1 


13 


12 

11 


10 


1 


10 



1681 

1600 

1444 

1369 

2450 

2312 

1089 

3072 

961 

3600 

3364 

3136 

4374 N = 77 Students 

2704 (Mean Raw Score) = 25 

3750 /Standard Devlation\ 

5274 ^ 'Raw Score Units /~ 

2116 
2420 
2205 
800 
1444 
972 
289 

225 

169 



100 
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• 53 
5.96 



